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Abstract. The time-dependent SDE dXt = b(t,Xt−)dZt with X0 = x0 ∈ R, and a symmetricα-stable
processZ, 1< α � 2, is considered. We study the existence of nonexploding solutions of the given equa-
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1. INTRODUCTION

We study the one-dimensional stochastic differential equation

dXt = b(t,Xt−)dZt , t � 0, X0 = x0 ∈ R, (1.1)

whereb: R+ × R → R is a Borel measurable function,x0 ∈ R is an arbitrary ini-
tial value, andZ is a symmetricα-stable process starting at zero,α ∈ (1,2]. We are
interested in conditions ensuring the existence of weak solutions.

The time-independent Eq. (1.1) withα = 2 (Z is a Brownian motion) was studied in
detail by Engelbert and Schmidt [2]. In particular, they found sufficient and necessary
conditions for the existence of solutions. This result was extended later by Zanzotto
[12] to the case of a time-independent Eq. (1.1) for symmetric stable processes with
α ∈ (1,2].

In the case of a time-dependent coefficientb, there are different formulations of
sufficient conditions. To state some results for this case, let us introduce the following
notation. Define the sets

Mα =:
{
y:

∫
U(y)

|b|−α(x)l(dx) = ∞ for any open neighborhoodU(y) of y

}
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and

N =: {y: b(y) = 0
}
,

wherel(dx) is the Lebesgue measure onR+ × R. First, the result of Engelbert and
Schmidt (correspondingly, of P.A. Zanzotto) for the time-independent case is as fol-
lows:

For any initial valuex0 ∈ R, there exists a solution of (1.1) if and only if

(I) M2 ⊆N (Mα ⊆N , correspondingly).

One says that a measurable functiong: R+ × R → R is Lebesgue locally integrable
if

∫
G

|g|(y)l(dy) < ∞ for any compact setG ⊂ R+ × R. We shall need the following
conditions:

(1) |b|−α is locally integrable with respect to measurel;

(2) |b|α is locally integrable with respect to measurel;

(3) l1{y ∈ R: sup0�s�t |b(s,y)| < ∞} > 0 for all t > 0, wherel1 is the Lebesgue
measure onR.

Senf [10] considered the time-dependent Eq. (1.1) in the case of Brownian motion
and proved that conditions (1), (2), and (3) (forα = 2) ensure the existence of a so-
lution for any initial valuex0 ∈ R. Similar results were also obtained by Rozkosz and
Słomiński [9]. Pragarauskas and Zanzotto [7] extended this result to the case of any
symmetric stable process withα ∈ (1,2].

The goal of this note is to improve the results of Pragarauskas and Zanzotto and
those of Senf, respectively, replacing condition (1) by condition(I). We notice that it
follows from (1) thatl(N ) = 0 andMα = Ø, so that automaticallyMα ⊆N . There-
fore, condition (I) is weaker than (1). We shall also mention here the results of Rau-
pach [8], who proved the existence of so-called exploding solutions for Eq. (1.1) with
α = 2, assuming thatb satisfies the conditions (I) and(2). Technically, the approach
here is similar to that used in [8], though we consider the nonexploding solutions.

The paper is organized as follows. In Section 2, we show the relationship between
the stochastic Eq. (1.1) and the corresponding time-change equation in terms of the
existence of a solution. The main result is proved in Section 3 and states sufficient
conditions when Eq. (1.1) has a solution for all 1< α � 2. In Appendix, we collected
some known facts about monotone convergence and a version of Krylov’s estimates
for stable integrals.

2. STOCHASTIC AND TIME CHANGE EQUATIONS

We begin with some definitions. As usual, we denote byD[0,∞)(R) the Skorokhod
space, i.e., the set of all real-valued functions on[0,∞) with right-continuous trajec-
tories and finite left limits.

Let (�,F ,P ) be a complete probability space carrying a processZ with Z0 = 0
andG = (Gt ) be a filtration on(�,F ,P ). The notation(Z,G) means thatZ is adapted
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to the filtrationG. We call (Z,G) a symmetric stable process of index α ∈ (0,2] if
trajectories ofZ belong toD and

E
(

exp
(
ia(Zt − Zs)

)∣∣Gs

)
= exp

( − (t − s)|a|α)

for all t > s � 0 anda ∈ R.
A stochastic process(X,F) defined on a probability space(�,F ,P) with a fil-

trationF = (Ft )t�0 and with trajectories inD is called aweak solution of (1.1) with
initial valuex0 ∈ R if there exists a symmetric stable processZ = (Zt )t�0 with respect
to the filtrationF such thatZ0 = 0 and

Xt = x0 +
∫ t

0
b(s,Xs−) dZs, t � 0, P-a.s. (2.1)

We are going to show that in order to prove the existence of a solutionX of
Eq. (2.1) it suffices to construct a time-change processA defined on a probability
space(�̃, F̃, P̃) with filtration F̃ such that it satisfies the Lebesgue integral equation

At =
∫ t

0
|b|α(s,x0 + Z̃ ◦ As)ds, t � 0, P̃-a.s., (2.2)

where(Z̃, F̃) is a symmetric stable process of the same indexα, andZ̃ ◦ A stands for
the superposition of processesZ̃ andA. We call Eq. (2.2)the time-change equation
associated with (2.1).

Recall that a processA is called anF̃-time change if it is an increasing right-
continuous process withA0 = 0 such thatAt is anF̃-stopping time for anyt � 0 (for
details, see [4], Chapter 6). DefineTt =: inf{s � 0: As > t} called the right-continuous
inverse process toA. By definition,T is an increasing process starting at zero. It is easy
to see thatT is anF̃-adapted process if and only ifA is anF̃-time change. Instead of
Eq. (2.2) forA, we can consider the following equation for the inverse processT :

Tt =
∫ t

0
|b|−α(Ts,x0 + Z̃s)ds, t � 0, P̃-a.s., (2.3)

where|b|−α := 1/|b|α. We call (2.3)the inverse time change equation for (2.1).
In general, Eqs. (2.2) and (2.3) are not equivalent in the sense of existence of solu-

tions. To have the equivalency, we should impose some conditions on the coefficientb

(see Lemma 3.2 below). To our knowledge, in all papers dealing with the weak ex-
istence of solutions of Eq. (1.1) forα ∈ (0,2], Eq. (2.3) was used as a “bridge” for
constructing solutions of stochastic equation (cf. [1], [7], [12]). Here we use Eq. (2.2)
instead of (2.3) as a basic equation to construct a solutionX of (1.1). The following
statement justifies this approach.
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PROPOSITION2.1. Let x0 ∈ R and α ∈ (0,2]. If there exists a time-change process
(At ) such that At ∈ [0,∞) for all t � 0 and it satisfies Eq. (2.2). Then there exists a
solution X of Eq. (1.1).

Proof. Let A be a solution of Eq. (2.2) with a symmetricα-stable process(Z̃, F̃)

defined on a probability space(�̃, F̃ , P̃). For 0< α < 2, the process̃Z is a purely
discontinuous semimartingale, so that we can define its characteristic called the jump-
measure asp

Z̃
(t,U) := ∑

s�t 1U(�Z̃s ) for any Borel setU in R \ {0}, where�Z̃s =
Z̃s − Z̃s−. As is known, this measure is determined by its compensator (dual pre-
dictable projection ofp

Z̃
) q

Z̃
(t,U) which has the formq

Z̃
(dt, dx) = dt × dx

|x|α+1 (see,

e.g., [4], Proposition 13.9). Forα = 2, the processZ̃ is a Brownian motion which
can be described as a continuous local martingale with quadratic variation process
〈Z̃〉t = t , t � 0.

Using the time change(A, F̃), we define the new process(X,F) by

Xt := x0 + Z̃At
, Ft := F̃At

, t � 0. (2.4)

Now we are going to use time change properties in semimartingales following [3]. Ob-
viously, the processX is a purely discontinuous semimartingale, and its compensator
qX(dt, dx) can be calculated fromq

Z̃
(dt, dx) using the time changet → At (cf. [12],

Theorem 2.5). Relation (2.2) yields

qX(dt, dx) = ∣∣b(t,Xt )
∣∣α dt × dx

|x|α+1
.

Thus, we have constructed a purely discontinuous semimartingaleX with compensator
pX , which is absolutely continuous with respect to the compensator of a symmetric
stable process with indexα. According to Theorem 2 in [11], there exists (in general,
an extended) probability space(�,F ,P) and a symmetric stable processZ on it such
that

Xt = x0 +
∫ t

0
b(s,Xs−)dZs. (2.5)

For α = 2, we use (2.4) to conclude thatX is a continuous local martingale with
quadratic variation process〈X〉t = At , t � 0. Because of (2.2),〈X〉t =

∫ t
0 |b|α(s,Xs)ds,

so that due to the well-known representation theorem of Doob, there exist an extended
probability space and a Brownian motionZ on it such that (2.5) is true as well. There-
fore, we have proved thatX is a solution of Eq. (1.1) for all 0< α � 2.

3. EXISTENCE OF SOLUTIONS

In this section, we study the existence of solutions of Eq. (1.1) for 1< α � 2. We fix
a symmetric stable process(Z̃, F̃) defined on a probability space(�̃, F̃, P̃), and let
x0 ∈ R be an arbitrary initial value.
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We proceed as follows: first, we prove the existence of solutions of Eq. (1.1) for
lower semicontinuous coefficientsb satisfying some additional assumptions and then
we extend the result to the coefficients being subject to conditions (I), (2), and (3). Our
tools are the time-change method, Krylov’s estimates for symmetric stable processes,
and some analytic facts about the monotone convergence.

First, we formulate the following version of Krylov’s estimates.

LEMMA 3.1. Let g: R+ × R → [0,∞] be a measurable function and A be a so-
lution of the time-change Eq. (2.2) with symmetric stable process (Z̃,F) and x0 ∈ R

such that At < ∞ for all t � 0. Then, for all m ∈ N and t � 0,

Ẽ
∫ t∧τm(x0+Z̃◦A)

0
g(s,x0 + Z̃ ◦ As)|b|α

2 (s,x0 + Z̃ ◦ As)ds

� N

(∫ t

0

∫ m

−m

g2(y)l(dy)

) 1
2 := N‖g‖2,t,m;l ,

where τm(x0 + Z̃ ◦ A) = inf{t � 0: |x0 + Z̃ ◦ At | � m}, and the constant N depends
on α,m, and t only.

Proof. We defineXt = x0 + Z̃ ◦ At and use Proposition 2.1 to conclude that the
processX satisfies the equation

Xt = x0 +
∫ t

0
b(s,Xs−)dZs, t � 0,

with symmetric stable processZ of the same indexα. The required estimate follows
then from Lemma 4.3.

To prove the existence of solutions of Eq. (2.2) for lower semicontinuous, nonde-
generate coefficientsb, we shall use the inverse time-change Eq. (2.3) and the follow-
ing Lemma 3.2. Notice first that a stochastic processY is said to benonexploding if
Yt < ∞ for all t � 0.

LEMMA 3.2. Assume that |b| > r > 0, where r is a constant, and the condition (3)

is satisfied. Then, the time-change Eq. (2.2) has a nonexploding solution A if and only
if Eq. (2.3) has a nonexploding solution T .

Proof. Assume first thatA is a nonexploding time-change process satisfying (2.2)
andT is its inverse. Notice thatT is defined for allt � 0, becauseA is strictly increas-
ing andA∞ := limt→∞ At = ∞ due to the assumptions. Moreover,ATt

= t , t � 0.
Because of|b| > r > 0 and by properties of change of variables in the Lebesgue–

Stieltjes integral, we have

Tt =
∫ Tt

0

|b(s,x0 + Z̃ ◦ As)|α
|b(s,x0 + Z̃ ◦ As)|α

ds =
∫ Tt

0

∣∣b(s,x0 + Z̃ ◦ As)
∣∣−α dAs
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=
∫ t

0

∣∣b(Ts,x0 + Z̃s )
∣∣−α ds

for all t � 0. Therefore,T is a solution of Eq. (2.3).
Now let T be a nonexploding solution of Eq. (2.3). First, we notice thatT is a

strictly increasing process because|b|−α > 0. ThusA is a well-defined continuous
process on the interval[0,T∞). In fact,T∞ = ∞ implying thatA is nonexploding and
TAt

= t for all t � 0. Indeed, to see thatT∞ = ∞, let us assume thatP̃(T∞ < ∞) > 0,
that is, there existst� > 0 such that̃P(T∞ < t�) > 0. Set

h(x) = inf
s∈[0,t�] |b|−α(s,x).

The condition (3) yields that

l1{x: h(x) > 0} > 0,

wherel1 is the Lebesgue measure onR. Using Corollary 2.3 from [1] (see also [12]),
we conclude that

P̃
(∫ ∞

0
h(x0 + Z̃s)ds = ∞

)
= 1.

On the other hand, on the set{T∞ < t�}, we have

∞ =
∫ ∞

0
h(x0 + Z̃s)ds �

∫ ∞

0
|b|−α(Ts,x0 + Z̃s)ds � t�,

which is a contradiction to the assumption. Hence,T∞ = ∞ P̃-a.s.
Finally, for all t � 0, then we have

At =
∫ At

0

|b(Ts,x0 + Z̃s)|α
|b(Ts,x0 + Z̃s)|α

ds =
∫ At

0

∣∣b(Ts,x0 + Z̃s)
∣∣α dTs

=
∫ t

0

∣∣b(s,x0 + Z̃ ◦ As)
∣∣α ds,

proving thatA is a solution of Eq. (2.2).

PROPOSITION 3.3. Let b be a lower semicontinuous function satisfying condi-
tions (2) and (3) such that |b|α > r > 0, where r is a constant. Then, Eq. (2.2) has a
solution.

Proof. According to Lemma 4.2, there is a sequence of functionsbn, n = 1,2, . . .,
such that ∣∣bn(y1) − bn(y2)

∣∣ � Kn(r)|y1 − y2| (3.1)
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for all y1, y2 ∈ R+ × R, whereKn(r) > 0 is a constant. Moreover,bn converge point-
wise to|b|α and 0< r1 � b1 < b2 < . . . � |b|α , wherer1 is a constant depending onr
andα only. For every but fixedn, the coefficientbn is bounded and also nondegener-
ate. Letb−1

n := 1/bn, n = 1,2 . . .. From (3.1) it follows that, for ally1, y2 ∈ R+ × R,
the sequence of functionsb−1

n satisfies the condition

∣∣b−1
n (y1) − b−1

n (y2)
∣∣ � Kn(r)r

−2
1 |y1 − y2|.

Therefore, for anyn ∈ N, b−1
n is a globally Lipschitz continuous, bounded, and nonde-

generate function. Clearly, the sequenceb−1
n converges monotone pointwise to|b|−α .

According to Theorem 3.1 in [1], for anyn = 1,2, . . ., there exists a nonexploding
solutionT n of the inverse time-change equation

T n
t =

∫ t

0
b−1
n (T n

s ,x0 + Z̃s)ds. (3.2)

From the properties of the sequence(bn) it follows that all functionsbn satisfy
assumption(3). Additionally, using Eq. (3.2) instead of Eq. (2.3), as in the proof of
Lemma 3.2, one can show thatT n∞ = ∞ for all n ∈ N. By Lemma 3.2 again one has
then that, for anyn ∈ N, there exists a nonexploding time-change processAn, the
right-inverse toT n, such that

An
t =

∫ t

0
bn(s,x0 + Z̃ ◦ An

s )ds, t � 0. (3.3)

Moreover, due to Lemma 4.1,An
t � An+1

t for all t � 0 and n = 1,2, . . . P̃-a.s.
Define At = supn∈NAn

t . Obviously, the processA is an F̃-time change such that
A∞ = limt→∞ At = ∞. Next, we are going to show that the processT , which is the
inverse toA, is a solution of Eq. (2.3) with coefficient|b|−α . This would mean again
by Lemma 3.2 thatA solves the time-change Eq. (2.2).

From the definition ofT n it follows thatT is continuous, becauseA is strictly in-
creasing andTt = limn∈N T n

t . Note thatτm(x0 + Z̃) ↑ ∞ asm → ∞ P̃-a.s. Therefore,
to show thatT satisfies (2.3) it suffices to verify that, for allε > 0, m ∈ N, andt � 0,

P̃
(∣∣∣Tt∧τm(x0+Z̃)

−
∫ t∧τm(x0+Z̃)

0
|b|−α(Ts,x0 + Z̃s)ds

∣∣∣ > ε

)
= 0.

By the Chebyshev inequality,

P̃
(∣∣∣Tt∧τm(x0+Z̃)

−
∫ t∧τm(x0+Z̃)

0
|b|−α(Ts,x0 + Z̃s)ds

∣∣∣ > ε

)

� 1

ε
Ẽ
∣∣T

t∧τm(x0+Z̃)
− T n

t∧τm(x0+Z̃)

∣∣
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+ 1

ε
Ẽ

∫ t∧τm(x0+Z̃)

0

∣∣b−1
k − |b|−α

∣∣(Ts,x0 + Z̃s)ds

+ 1

ε
Ẽ

∫ t∧τm(x0+Z̃)

0

∣∣b−1
k (T n

s ,x0 + Z̃s) − b−1
k (Ts,x0 + Z̃s )

∣∣ds

+ 1

ε
Ẽ

∫ t∧τm(x0+Z̃)

0

∣∣b−1
n − |b|−α

∣∣(T n
s ,x0 + Z̃s)ds

+ 1

ε
Ẽ

∫ t∧τm(x0+Z̃)

0

∣∣∣b−1
k − |b|−α

∣∣∣ (T n
s ,x0 + Z̃s)ds

= �1 + �2 + �3 + �4 + �5,

wherek ∈ N. Then�1 → 0 asn → ∞, since limn→∞ T n

t∧τm(x0+Z̃)
= T

t∧τm(x0+Z̃)
P̃-

a.s. andT n, n = 1,2..., is a bounded sequence.�2 converges to zero ask → ∞ by
the Lebesgue theorem for uniformly bounded integrals. limn→∞ �3 = 0 because of
the Lebesgue majorized convergence theorem. To prove that�4 → 0 asn → ∞ and
�5 → 0 ask → ∞, we need the following variant of Krylov’s estimates.

LEMMA 3.4. Let h: R+ × R → R+ be a Borel measurable function. Then, for any
t � 0 and n,m ∈ N, there exists a constant N = N(α,m, t) such that

Ẽ
∫ τm(x0+Z̃)∧An

t

0
h(T n

s ,x0 + Z̃s)ds � N‖h|b| α
2 ‖2,t,m;l. (3.4)

Proof. Notice thatAn

t∧τm(x0+Z̃◦An)
= An

t ∧ τm(x0 + Z̃). Making the time change

s → An
s in the integral on the left-hand side of (3.4) and using the estimate in

Lemma 3.1, we obtain

Ẽ
∫ τm(x0+Z̃)∧An

t

0
h(T n

s ,x0 + Z̃s)ds = Ẽ
∫ t∧τm(x0+Z̃◦An)

0
h(s,x0 + Z̃ ◦ An

s )dAn
s

� Ẽ
∫ t∧τm(x0+Z̃◦An)

0

(
h|b|α

2 b
α
2
n

)
(s,x0 + Z̃ ◦ An

s )ds � N‖h|b| α
2 ‖2,t,m;l.

Sincebn � r1 > 0 for all n = 1,2, ..., we conclude thatAn
t � r1t and hencet �

A
tr

−1
1

. Now applying Lemma 3.4 yields

�4 = 1
ε

Ẽ
∫ t∧τm(x0+Z̃)

0

∣∣b−1
n − |b|−α

∣∣(T n
s ,x0 + Z̃s)ds
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� 1

ε
E

∫ τm(x0+Z̃)∧An

tr−1

0

∣∣|b|−α − b−1
n

∣∣(T n
s ,x0 + Z̃s)ds

� 1
ε
N

∥∥(|b|−α − b−1
n

)|b|α
2
∥∥

2,tr−1,m;l

and

�5 � 1
ε
N

∥∥(|b|−α − b−1
k

)|b|α
2
∥∥

2,tr−1,m;l.

The right-hand sides of two last inequalities converge to zero asn → ∞ andk → ∞,
respectively, since|b|α is a locally integrable function and the expressions(|b|−α −
b−1
n ) and(|b|−α − b−1

k
) are bounded for alln andk. Thus, we have shown thatT is a

solution of Eq. (2.3), and the proof of Proposition is finished.

The following statement is then a direct consequence of Propositions 2.1 and 3.3.

THEOREM 3.5. Let b be a lower semicontinuous function satisfying conditions (2)

and (3) such that |b|α > r > 0, where r is a constant. Then, for any x0 ∈ R, there exists
a solution of Eq. (1.1).

Now we are ready to state the main existence result.

THEOREM 3.6. Let b: R+ ×R → R be a measurable function satisfying conditions
(I), (2), and (3). Then, for any initial value x0 ∈ R, there exists a solution of Eq. (1.1).

Proof. According to Proposition 2.1, it suffices to show that there exists a time-
change processA satisfying (2.2).

We first notice that the conditionMα ⊆ N can be replaced byMα = N . To see
this, let b̃ := b + 1N \Mα

. Obviously,N (b̃) = Mα(b̃) = Mα(b) and b̃ = b l-a.s.,
sincel(N \ Mα) = 0. Suppose that(X,F) is a (nonexploding) solution of Eq. (1.1)
with coefficientb̃ and symmetric stable process(Z,F) defined on a probability space
(�,F ,P) with filtration F. To show thatX also is a solution of (1.1) with coefficient
b, we apply Lemma 4.3 to the coefficient(b̃−b) to get for allt � 0, ε > 0, andm ∈ N,

P
(∫ t

0
|b̃ − b|α(s,Xs)ds > ε

)
� 1

ε
E

∫ t∧τm(X)

0
|b̃ − b|α(s,Xs)ds + 1

ε
P(τm(X) > t)

= 1
ε

E
∫ t∧τm(X)

0
1N \Mα

(s,Xs)ds + 1
ε

P(τm(X) > t)

� 1

ε
N

∥∥|b̃|− α
2 1N \Mα

∥∥
2,t,m;l +

1

ε
P(τm(X) > t)

� 1

ε
N‖1N \Mα

‖2,t,m;l + 1

ε
P(τm(X) > t) = 1

ε
P(τm(X) > t).
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Since for fixedt there ism ∈ N such thatP(τm(X) > t) can be made arbitrarily small,
the stochastic integral

∫ t
0(b̃ − b)(s,Xs)dZs exists and is equal to zero. It follows then

that

Xt = x0 +
∫ t

0
b̃(s,Xs)dZs = x0 +

∫ t

0
b(s,Xs)dZs for all t � 0.

Therefore, we can assume thatMα =N .
By Lemma 4.4, there exists a sequence{b̄n}, n = 1,2, . . . , of lower semicontinu-

ous and locally integrable functions such thatN (b̄n) =N (b), b̄1 � b̄2 � . . . |b|α , and
‖b̄n − |b|α‖2,t,m;µ → 0 asn → ∞ for all t � 0 and m ∈ N, whereµ is defined in
(4.4). Letbn := b̄n + 1

n
, n = 1,2, . . .. For alln, bn � 1

n
> 0. Thus,bn is nondegenerate

and also lower semicontinuous. Using the inequalities above, we obtain

∫ t

0

∫ m

−m

(bn − |b|α)2b−1
n dl =

∫ t

0

∫ m

−m

(
b̄n + 1

n
− |b|α

)2(
b̄n + 1

n

)−1
dl

� 2
∫ t

0

∫ m

−m

(b̄n − |b|α)2
(
b̄n + 1

n

)−1
dl + 2

∫ t

0

∫ m

−m

1
n2

(
b̄n + 1

n

)−1
dl

� 2
∫ t

0

∫ m

−m

(b̄n − |b|α)2|b|−α dl + 4
n
tm.

Passing to the limitn → ∞ in the above inequality, we establish that

∥∥(
bn − |b|α)

b
−1/2
n

∥∥
2,t,m;l → 0 as n → ∞. (3.5)

Let (Z̃, F̃) be a symmetric stable process defined on(�̃, F̃ , P̃) andx0 ∈ R. By defini-
tion of the sequence{bn}, one hasb1 > b2 > . . . � |b|α . Hence, by Proposition 3.3 and
Lemma 4.1, there exists a monotone sequence of time-change processesAn

t � An+1
t ,

t � 0, such thatAn is a solution of (2.2) with coefficientbn and process(Z̃, F̃). More-
over, for anyn ∈ N and t � 0, An

t < ∞ andAn∞ = ∞. DefineAt := infn∈N An
t . It

follows then thatA is a right-continuous time-change process with respect toFZ̃ and
A∞ = ∞. It remains to show thatA satisfies Eq. (2.2). For this it suffices to show that

P̃
(∣∣∣At −

∫ t

0
|b|α(s,x0 + Z̃ ◦ As)ds

∣∣∣ > ε
)

= 0

for all ε > 0 andt > 0. Using the Chebyshev inequality, we obtain

P̃
(∣∣∣At −

∫ t

0
|b|α(s,x0 + Z̃ ◦ As)ds

∣∣∣ > ε
)

� P̃
(
|At − An

t | >
ε

3

)

+ 3
ε

Ẽ
∫ t∧τm(x0+Z̃◦An)

0

∣∣bn − |b|α∣∣(s,x0 + Z̃ ◦ An
s )ds
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+ 3
ε

Ẽ
∫ t

0

∣∣|b|α(s,x0 + Z̃ ◦ An
s ) − |b|α(s,x0 + Z̃ ◦ As)

∣∣ds + P̃
(
τm(Z̃ ◦ An) > t

)

= �5 + �6 + �7 + P̃
(
τm(Z̃ ◦ An) > t

)
.

The convergence�5 → 0 asn → ∞ is clear, sinceAn
t → At asn → ∞ P̃-a.s. By

Lemma 3.1 and (3.5) we have

�6 � 3

ε
Ẽ

∫ t∧τm(x0+Z̃◦An)

0

∣∣bn − |b|α∣∣b1/2
n b

−1/2
n (s,x0 + Z̃ ◦ An

s )ds

� 3

ε
N

∥∥(
bn − |b|α)

b
−1/2
n

∥∥
2,t,m;l,

which converges to zero forn → ∞. By properties of the processesZ̃ andAn,n =
1,2, . . ., there exitsm ∈ N such that the term̃P(τm(Z̃◦An) > t) can be made arbitrarily
small for alln = 1,2, . . .. It remains to show that�7 → 0 asn → ∞.

Consider the functions

bn,k(x) := inf
y∈R+×R

(
b̄n(y) + k‖x − y‖R+×R

)
, n,k ∈ N.

These functions satisfyN (bn,k) = N (b̄n) = N (b) and are continuous. By construc-
tion, the sequencebn,k converges tob̄n pointwise and in the‖ · ‖2,t,m;µ-norm as
k → ∞. Moreover,b̄n converges to|b|α in the same sense asn → ∞. Therefore, there
exists a diagonal sequenceap = bn(p),k(p) such that the functionsap, p = 1,2, . . .,
are continuous,ap converges to|b|α asp → ∞ in the correspondingL2-norm, and
N (ap) =N (b). Hence,

�7 � 3

ε
Ẽ

∫ t∧τm(Z̃◦An)

0

∣∣|b|α − ap

∣∣(s,x0 + Z̃ ◦ An
s )ds

+ 3

ε
Ẽ

∫ t∧τm(Z̃◦A)

0

∣∣|b|α − ap

∣∣(s,x0 + Z̃ ◦ As)ds

+ 3

ε
Ẽ

∫ t

0

∣∣ap(s,x0 + Z̃ ◦ An
s ) − ap(s,x0 + Z̃ ◦ As)

∣∣ds

+ P̃
(
τm(Z̃ ◦ An) > t

) + P̃
(
τm(Z̃ ◦ A) > t

)
= �8 + �9 + �10 + P̃

(
τm(Z̃ ◦ An) > t

) + P̃
(
τm(Z̃ ◦ A) > t

)
.

Again, as before, the last two terms can be made arbitrarily small for alln ∈ N by
choosingm large enough. Using Lemma 4.3, we further obtain that

�8 � N
∥∥(|b|α − ap

)
b−1
n

∥∥
2,t,m;l � N

∥∥|b|α − ap

∥∥
2,t,m;µ → 0 as p → ∞.
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The term�10 converges to zero asn → ∞ by majorized convergence. It remains to
verify that�9 → 0 asp → ∞. For this, we need to establish the following Krylov’s
estimate:

Ẽ
∫ t∧τm(Z̃◦A)

0

∣∣|b|α − ap

∣∣(s,x0 + Z̃ ◦ As)ds � N
∥∥|b|α − ap

∥∥
2,t,m;µ (3.6)

with constantN depending ont,m, andα only. Fix p and leth := ||b|α − ap|. First
we notice that applying Lemma 3.1 yields

Ẽ
∫ t∧τm(Z̃◦An)

0
h(s,x0 + Z̃ ◦ An

s )ds � N‖h‖2,t,m;µ. (3.7)

To get the desired estimate (3.6) from estimate (3.7), we shall use the following
monotone approximation ofh. Clearly,h is a lower semicontinuous and locally inte-
grable function withN (h) = M(h). According to Lemma 4.4, there exist functions
hk,k = 1,2, . . . , such thathk ↓ h pointwise and‖hk − h‖2,t,m;µ → 0 ask → ∞.
Moreover, by Lemma 4.2, for anyk, there exists a sequence of globally Lipschitz con-
tinuous functionshk,q ,q = 1,2, . . . , such thathk,q ↑ hk pointwise asq → ∞. Then
applying Lemma 3.1 tohk,q , we get

Ẽ
∫ t∧τm(Z̃◦An)

0
hk,q (s,x0 + Z̃ ◦ An

s )ds � N‖hk,q‖2,t,m;µ

and by passing to the limitn → ∞

Ẽ
∫ t∧τm(Z̃◦A)

0
hk,q (s,x0 + Z̃ ◦ As)ds � N‖hk,q‖2,t,m;µ. (3.8)

It remains to notice that we obtain estimate (3.6) from inequality (3.8) by passing
first to the limit asq → ∞ and then ask → ∞ and using the monotone convergence
theorems. The proof is complete.

Remark 3.7. Finally, we would like to make a comment on the existence of nontriv-
ial and trivial solutions. One says that a solutionX is trivial if P(Xt = x0, t � 0) = 1;
otherwise, it is said to be nontrivial. The conditions of Theorem 3.6 do not guaran-
tee the existence of a nontrivial solutionfor an arbitrary initial value x0 ∈ R. For
example, if we takeb(t,x) = 0, (t, x) ∈ [0,∞)×R, which obviously satisfies all con-
ditions of Theorem 3.6, there will exist only a trivial solutionXt = x0 for any initial
valuex0 ∈ R. On another hand, as is shown in [7], conditions (1), (2), and (3) will be
ones sufficient for the existence of a nontrivial solution for any initial value. Condition
(1), being stronger than condition(I), implies thatl(N) = 0. However, the later condi-
tion is not necessary for the existence of a nontrivial solution for any initial value as
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the following example shows. Let

b(t,x) =
{

1+ t2 + x2, (t, x) ∈ [0,1) × R,

0, otherwise.

Then l(N) > 0, and the functionb satisfies assumptions (I), (2), and (3) of Theo-
rem 3.6 but does not satisfy assumption (1). However, it is not difficult to see that any
solution of the stochastic equation will be nontrivial on the interval[0,1) and hence
nontrivial on[0,∞).

4. APPENDIX

We collected here some analytical facts about the monotone approximation of func-
tions and a version of Krylov’s estimates for stable integrals proven in other sources.

Let f : [0,∞) × R → R be a continuous function. Consider the Cauchy problem
for the first-order differential equation

dy(s)

ds
= f (s,y(s)), y(0) = x0, x0 ∈ R. (4.1)

The following fact is well known in the theory of ordinary differential equations (see
also Proposition 22 in [8]).

LEMMA 4.1. Suppose that f1 and f2 are continuous functions with f1 < f2 and
that y1 and y2 are two corresponding solutions of problem (4.1). Then y1(s) < y2(s)

for all s < δ1 ∧ δ2, where δ1 and δ2 are explosion times for y1 and y2, respectively.

Recall that a functiong is said to be lower semicontinuous at a pointy0 if
lim inf y→y0 g(y) = g(y0). Let ‖ · ‖R+×R denote the Euclidean norm onR+ × R. The
next fact about the monotone approximation of a lower semicontinuous function by
Lipschitz continuous functions can be found in [6], Chapter XV, §4, Theorem 10.

LEMMA 4.2. Suppose that g: R+ × R → [0,∞) is a lower semicontinuous and
locally Lebesgue integrable function such that g(t,x) > r > 0 for all t � 0 and x ∈ R,
where r is a constant. Then there exists a sequence of functions {gn}, n � 1, such that

i) gn is globally Lipschitz for all n � 1;

ii) 0 < C � g1 � g2 � . . . � g, where C is a constant depending on r only;

iii) gn ↑ g as n → ∞ pointwise.

The sequence{gn} can be chosen as

gn(x) =
(

inf
y∈R+×R

(
g(y) + n‖x − y‖R+×R

) − r

2n

)
∧ n, n ∈ N. (4.2)

The following lemma provides a generalization of classical Krylov’s estimates to
the case of symmetric stable processes with 1< α � 2.
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LEMMA 4.3. Let X be a solution of Eq. (1.1), where Z is a symmetric stable
process of index α ∈ (1,2]. Then, for any Borel measurable function g: [0,∞)×R →
[0,∞] and all t � 0,m ∈ N, and x0 ∈ R, there exists a constant N depending on α, m,
and t only such that

E
∫ t∧τm(X)

0
|b|α

2 (s,x0 + Xs)g(s,x0 + Xs)ds

� N‖g‖2,t,m;l := N
(∫ t

0

∫ m

−m

g2(s,x)ds dx
)1/2

, (4.3)

where τm(X) = inf{t � 0: |x0 + Xt | � m}.
Estimate (4.3) was proved in [5] in the case of a Brownian motion and then generalized
in [7] to the case of a symmetric stable process with 1< α < 2.

Define the measureµ as

µ(G) :=
∫

G

|b|−α(y)l(dy) (4.4)

for all G ⊆ R+ × R. By ‖ · ‖2,t,m;µ we denote the norm defined in (4.3) with the
Lebesgue measurel replaced by the measureµ. The following lemma follows from
Corollary 33 in [8].

LEMMA 4.4. Assume that b satisfies condition (2) andMα(b) =N (b). Then there
exists a sequence of lower semicontinuous and locally Lebesgue integrable functions
gn � |b|α,n = 1,2..., with N (gn) = N (b) such that ‖gn − |b|α‖2,t,m;µ → 0 as n →
∞ for all m ∈ N and t � 0.

Acknowledgment. The author thanks the anonymous referee for pointed out cor-
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