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Abstract

We study multidimensional stochastic equations
t
X; =29 +/ B(s, X5)dWs
0

where g is an arbitrary initial state, W is a d-dimensional Wiener process
and B : [0,400) x R — R? is a measurable diffusion coefficient. We
give sufficient conditions for the existence of weak solutions. Our main
result generalizes some results obtained by A. Rozkosz and L. Stomiriski
[17] and T. Senf [20] for the existence of weak solutions of one-dimensional
stochastic equations and also some results by A. Rozkosz and L. Stomiriski
[18], [19] for multidimensional equations. Finally, we also discuss the
homogeneous case.
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1 Introduction
In this article we consider a stochastic equation of the form
t
Xi=v +/ B(s, Xs)dWs, t>0, (1)
0

where B : [0,+00) x R? — R? is a Borel measurable matrix function with
d > 1, W is a d-dimensional Wiener process and z, € IR is an arbitrary initial
vector. Componentwise written this equation is

d t
XZ:I"(L]"’_Z/ Bik(stS)de’ i:1727""d7 tZO
k=10

It is well-known that if the diffusion coefficient B of the equation satisfies the
assumption of at most linear growth then the solution of the equation, if it
exists, is nonexploding, i.e., it exists in IR? for all £ > 0 (cf. [9], Theorem 6.4.2).
In the general case the solution exists only in the sense that it may explode,
i.e., on a finite time interval it may leave every compact subset of IR?. Here we
study solutions of Eq. (1) in this more general context.

The aim of this article is to give sufficient conditions for the existence of solutions
to Eq. (1). A.V. Skorohod [22] was the first who investigated weak solutions
of stochastic differential equations with continuous coefficients. N.V. Krylov
[12] proved the existence of weak solutions of stochastic equations for only
measurable coefficients using his well-known estimates for stochastic integrals
of diffusion processes. Together with the boundedness of the drift coefficient,
he only assumed that

clz]* < (B(t,2)z,2), [Bt,o)[P<C, zeR,

for some constants 0 < ¢ < C not depending on (t,z) € [0, +00) x IR* where
(+,-) denotes the Euclidean scalar product and

d
1B(t,2)|* =) Bi(t.@).

ij=1

Using methods of nonstandard analysis, this result was generalized to certain
degenerate diffusion matrices by S.A. Kosciuk [11]. Stochastic differential equa-
tions with discontinuous coefficients were also considered by S. Anulova and
H. Pragarauskas [3].

The case of one-dimensional homogeneous equations (i.e., equations with time-
independent coefficients) was treated by the first author and W. Schmidt (cf.
[5], [6], [7], [8]). In particular, there was shown that the local integrability of
B~? is necessary and sufficient for the existence of nontrivial solutions with an
arbitrary initial value.



A more general case with time-dependent coefficients but still with one-dimen-
sional state space was investigated by W. Kurenok [13], A. Rozkosz and L.
Stominiski [17] and T. Senf [20]. T. Senf [20] was able to prove that the local
integrability of B? and B~2 ensures the existence of a solution for every initial
value and, moreover, the solution does not explode if only, for every N > 1,
there exists a nonnegative function By finite on a set of positive Lebesgue
measure such that B2(t,z) < By(x) for every t € [0, N] and z € IR.

Another far-reaching generalization was given by A. Rozkosz and L. Stominski
[18], [19] for multidimensional stochastic equations with time-independent and
also with time-dependend diffusion and drift coefficients satisfying, additionally,

the usual linear growth condition. In particular, their results also include those
of A.S. Kosciuk [11]

In the time-dependend or multidimensional cases, main tools are Krylov’s es-
timates. We also mention the paper by A.V. Melnikov [14] where Krylov’s
estimates are generalized to continuous semimartingales.

In this article, we restrict ourselves to the multidimensional equation (1) without
drift. Once we have solved this equation, there are several known methods to
treat equations with nonvanishing drift part, too. Instead of the boundedness
of B or, more generally, the condition of at most linear growth, we use certain
local integrability conditions to ensure the existence of solutions to Eq. (1).
The conditions imposed can be improved in the homogeneous case which will
briefly be discussed in the final part of the paper.

2 Preliminaries

By (]Rd,B(I_Rd)) we denote the one-point compactification IR” = IR? U {A} of
R equipped with the o-algebra B(]Rd)) of its Borel subsets. For any function
w : [0,400) — IR? and a > 0, we set

Ta(w) =inf{t >0:w(t) =A} and 7,(w)=1inf{t >0: |w(t)| >a} (2)

and call 7a (w) the explosion time of the trajectory w. Let E([0,+00)) be the set

of all right-continuous functions w : [0, +00) — IR such that w is continuous
on [0, 7a(w)) and w(t) = A whenever t > 7a(w). For every ¢ > 0 we define the

coordinate mappings Z; : E([0, +00)) — R” by
Zi(w) =w(t), we E(]0,+00)), (3)
and introduce the o-algebras
E([0,40)) =0(Z;,t >0) and & =o0(Zs,s<t), t>0,

and the filtration IE = (& )>0. Obviously, 7o and, for every a > 0, 7, are IE-
stopping times such that 7,(w) < 74 (w) < 7a(w) whenever 7o (w) < 400 and
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a < a’'. We notice that for every IE-stopping time 7 the o-algebra &, associated
with 7 can be described as

& = 0(Zyprst > 0) = (Z7)"L(E([0, +00))) (4)

where Z7 : E(]0,+00)) — E([0,+00)) is defined by Z7(w) = w(- A7), w €
E(]0,+00)) (cf. [21], Theorem 1.6).

Let now (a;,)men be an increasing sequence of positive real numbers converg-
ing to infinity as m — oo. It is known (cf. T. Senf [20]) that, for every
m € IN, (E([0,4+00)),&;, ) is a standard Borel space (cf. K.R. Parthasarathy
[16]). Furthermore, it can easily be seen that the o-algebras &£, =~ are increasing,
E([0,+00)) = 0(U,pen €, ) and if (A, )men is a decreasing sequence of atoms
Ay, from &, then (), cn Am # 0. Theorem V.4.1 of K.R. Parthasarathy [16]
now implies

Proposition 2.1 Let (Q™)nmew be a consistent family of probability measures
Q™ on &, . Then there exists a unique probability measure Q on E([0, +00))
which is an extension of the family (Q™)men-

Let C([0,400)) € E([0,400)) be the space of continuous functions w of [0, +00)
into IR? endowed with the metric o defined by

o(w,v) = 27V sup |w(t) — v(t)| A1 ()
N=1 t<N

for all w,v € C([0,400)). Let C([0,400)) be the o-algebra of Borel subsets of

C([0,+00)). We notice that C([0,+00)) = £(]0, 4+00)) N C([0, +00)).

Let (92, F,P) be a complete probability space and IF = (F;);>¢ be an increasing
family of sub-o-algebras of F, called a filtration. We suppose that IF' = (F;):>0
satisfies the usual conditions, i.e., is right-continuous and Fy contains all F-
sets of P-measure zero. For a process X = (X;)i>o defined on (2, F,P) we
write (X, IF) for X being [F-adapted. If Z is a random variable on (€2, F,P)
with values in a measurable space (F,&), Dp(Z) will frequently be used as
synonymous notation for the distribution P, of Z with respect to P on (£, E).

Let now X™, n € IN, and X be stochastic processes with trajectories in a metric
space S defined on probability spaces (", F™, P") and (2, F, P), respectively.
If the sequence (P%.),en of distributions of X™ converges weakly to the distri-
bution Py of X, so we shall write

We shall repeatedly make use of the following rule for weak convergence. The
proof is the same as in P. Billingsley [4], Theorem 4.2. Let (.S, d) be a separable
metric space and B(.S) the o-algebra of Borel subsets. In our situation, either
S = C(]0,+00)) and d is the metric p introduced in (5) or S = C([0, +00)) x
C([0,+00)) endowed with the product metric d = ¢
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Proposition 2.2 Let X}! and Y", X, and X be random variables defined on
probability spaces (", F*, P™), (Qu, Fr, Pr), and (2, F,P), respectively, with
values in (S, B(S)). Suppose that the following conditions are satisfied:

n—od

k—o0

3) lim limsup P"(d(X},Y") >¢e)=0 forall > 0.

—0 n—oo

Then we have

n—oo

A stochastic process (X, IF), defined on a probability space (2, F,P) with fil-
tration IF = (F;)i>0 and with trajectories in E([0,400)), is called a solution of
Eq. (1) with initial state x5 € IR? if there exists a d-dimensional Wiener process
W = (Wi)s>0 with respect to the filtration IF such that Wy = 0 and

Xy =x0+ /tB(s,XS) dWs on {t <7a(X)} P-as. (6)

for all t > 0 where 74 (X) is the composition of 7o (defined by (2)) and X and
is called the explosion time of X.

Solutions of this type are sometimes called weak solutions. Let 7,,(X) be the
composition of 7, and X which is an [F-stopping time. Obviously, Eq. (6) is
equivalent to

tATm (X)
Xinrm(X) = To —|—/ B(s, Xs)dW, P-as., t>0, meIN. (7)
0

We notice that (7,,(X))men is a localizing sequence for the continuous local
martingale up to 74 (X) given in (6). Therefore, the processes in (7) are bounded
martingales with respect to the filtration IF = (F}):>o.

Let B : [0, +00) x R? — R” be a Borel measurable matrix function. We define
o by
o(t,x) = B(t,x) o B*(t,x), (t,x) € [0,400) x IRY,

where A* denotes the transpose of a matrix A. Clearly, o(¢,x) is a symmetric
and nonnegative definite matrix. Hence we can find orthogonal matrices U (¢, x),
which can be chosen measurable in (¢, x), such that

At,z) =U*(t,x)oo(t,x) o U(t,z), (t,z) € [0,+00) x R, (8)
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are of diagonal form with nonnegative diagonal elements \;(¢,z), 71 =1,2,---,d.
Equivalently, o has the representation

o(t,r) =U(t,z) o A(t,z) o U*(t,z), (t,x) € [0, +00) x IRY (9)

The following chain of inequalities can easily be verified:

max o;; < max )\; <trace 0 <d max oy (10)
ij=1,d i=1,d i=1,d
where A;;,1,5 =1,2,---,d, denotes the entries of a matrix A. The next lemma

is elementary but crucial for later estimates.

Lemma 2.3 Let
(n) 1 :
A =NV =)An, i=12---.d nelN.
n

We then have the inequalities:

d [ d -1 d -1
(n) (n) < +1)° :
(smas, ) (HAZ ) < ety (HAz) .

i=1 i=1
d -1 d -1
(n) < d ) d )
<H Al ) < 2% max (\+1) (H /\z> (12)

i=1 i=1
where 07 = 4o0.
Proof. Fixing (t,z) € [0,4+00) x IR? we may assume that A, Ag, ---, A\g are
nonnegative real numbers. If \; = 0 for some ¢ = 1,2, -- -, d then the inequalities
are obvious. Hence we may assume that A\, Ao, -+, Ay are strictly positive.
First we consider the case that A, o, -+, Ay are bounded from below by %

Fix k = 1,2,---,d and let M = {i : /\,(Cn) < )\En)}. Clearly, if i ¢ M then
A < A,in) < n and hence )\l(»") = )\;. Consequently, setting m = card M we

1
obtain

(A,ﬁ”))d (H Agﬂ) R < (A,(JU)"’" HA§”> (li[ AEH)) -1



Next let the sequence A\, Ao, - -+, A\g be arbitrary but strictly positive. Applying
the inequality just derived to the new sequence (A V %) k=12,-..d4 We obtain

4 /4 -1 AL 1 -1
i=1 T i=1
-1
< erllax (A +1) (H i ) )

Since k was chosen arbitrarily, this finishes the proof of (11). For verifying (12),
we observe

A\

d -1 d
(HAW) < HA +1) SOOI

MC{1,2,-,d} ieM

[ 2 o)

MC{1,2,-,d} i€Me i=1
J —1
< .
< 24 H%ax (A + 1 (H )\Z>
This finishes the proof of Lemma 2.3. a

Next we state a version of Krylov’s estimates for stochastic integrals (also see
A. Rozkosz and L. Stominski [17], [19]) which will be essential for the proof of
our main result. Let (X, IF) be a solution of Eq. (1). For all m € IN we define
the ball U,, = {x € R? : |z| < m} around the origin with radius m.

Lemma 2.4 Let f : [0,+00) x RY — [0,400) be a nonnegative measurable
function. Then there exists a constant C' which depends only on t, m and d
such that the following inequality holds:

_1
d+1

tATm (X)
E/ f(s, X,) [det a(s,Xsﬂﬁ ds < C (/ f (s, y) dy ds)
0 [0,t] XU,

Proof. Let us first assume that f is nonnegative, bounded and continuous.
For t > 0 and m € IN we set

B | f(s,x) if se€0,t], x € Uy,
g(t = s,7) = { 0 otherwise.

According to Lemma 2.2.7 of N.V. Krylov [12] there is a function z of R x IR¢
into IR such that the following conditions are satisfied:

1) z(t,x) <0 for all (t,z) € [0, 4+00) x R
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2) For all sufficiently small ¢ > 0 and (s, x) € [0,t] x U,,, for some constant
Ni = Ny(d,t,m) we have

1

1
N [det 50(3, ))& g (t — s, 1)

028 4. 92;0) 1
< — o (t—s,x)+ ”221 Dz, (t—s,x) §a¢j(s, x) (13)

where ¢ and 2(®) are the convolutions of ¢ and z with a function . defined
by ¢.(u,z) = e 4L (e (u,z)) with some nonnegative infinitely often differ-
entiable function ¢ having compact support and satisfying

/ o(u, z) dudr = 1.
[0,400) xIR?

3) For some constant Ny = Ny(d, t,m)
_1
d+1
sl ([ i) (14
[0,t] XU,

Using (13), an application of the multidimensional [t6 formula leads to

tATm (X)
2_d;il]\fl / [det U(S,XS)]# g(E) (t _ S,Xs)ds
0
tATm (X) d tATm (X)
02 1 9522
S o / dt <t o S’ Xs)ds + 5 Z / axzax] (t - 87 Xs)Uij(S, Xs>d3
0 i,j=1 0
if/\‘rm(X)a ©) 1 d tATm (X) 82 ©
Z\& 2 ' 4
= — t— d - t_ XS d Xl’Xj s
[ Gressmue s S [ g s o)
0 =
d tATm (X)
= 2Ot =t AT (X), Kinrix) — 2 Z 029 X)ax
" pry 895@ s

where ((X?, X7)); j—1.2....a denotes the covariation matrix of the continuous local
martingale (up to 7a(X)). Taking the expectation in the latter inequality and
using (14) we obtain

tATm (X) N
E / [det o(s, X.)|7T gt — 5, X.) ds
0

< 2FINTY(E 2O — t A 1n(X), Xonrn())] — 29(8,2))
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IN

ANTY  sup  |29(t — s, 7))

Sgt, z€Um,

1
d+1
< ANTIN, (/ 9" (u, ) dy dU)
[0,t] XU,

T
= 4NN, (/ Y (u, ) dy du) .
[0,t]xUp,

Since g is continuous on [0,t] x U,,, g®) converges to g as ¢ — 0 and by Fatou’s
lemma

tATm (X) L
E / det o(s, X7 f(s, X,) ds
0

tATm (X) )
< lim i&lf E / [det o (s, X,)]#T g9 (t — s, X,)ds
e— 0

c(/ fd“<s,y)dyds) |
[0,t] XU,

Now we obtain the inequality stated in Lemma 2.4 for functions f = |h| where h
is an arbitrary bounded continuous function on [0, ¢] x U,,. Using the monotone
class theorem (cf. P.A. Meyer [15], Theorem 1.20 and the following remarks)
we observe that the inequality remains valid for all bounded measurable h and
hence for all nonnegative bounded measurable functions f. Finally, in the
general case f can be approximated increasingly by the nonnegative bounded
functions f A n. This finishes the proof of the lemma. a

IA

From Lemma 2.4 immediately follows

Lemma 2.5 Suppose that det o(s,y) # 0 for almost all (s,y) € [0,t] x U,,. For
any nonnegative measurable function f, m € IN and t > 0 we then have

1

tATm (X) . 51
E/ f(s,Xs)ds <C (/ F (s y) [deto(s,y)] dde)
0 [0,t]xUp,

where C' is a constant as in Lemma 2.4.

3 Existence of Solutions

Let f be a measurable function on [0, +00) x IR?. We will use the notation
f € L*(]0,4+00) x RY) if f is locally integrable, i.e., integrable with respect
to the Lebesgue measure on every compact subset of [0, +00) X R¢. Obviously,
the function det o = det B o B* is nonnegative. We define the measure p on
[0, +00) x IR by

dp(s,y) = [deta(t,y)] " dy ds (15)
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where 0! = +o0. Similarly, the notation f € L*°([0, +00) x IR%, ) stands for
the local integrability of f with respect to the measure p on [0, 4+00) X R

We need the following two conditions:

a) (det Bo B*)™' € L'(]0,+00) x IRY).
b) B[P e L*([0, +00) x RY, p).

Obviously, we have

d
|B||? := Z B}, = trace o
ij=1
which we frequently use without mentioning it every time. In dimension d = 1,
the conditions a) and b) amount to saying that the functions B~? and B? are
locally integrable in [0, +00) x IR. Under these conditions, T. Senf [20] was able
to prove the existence of a (possibly, exploding) solution to Eq. (1). The next
theorem generalizes this result to the multidimensional case.

Theorem 3.1 Suppose that the conditions a) and b) are satisfied. Then, for
an arbitrary xy € RY, there exists a solution X of Eq. (1) with X = xq.

Proof.  Let the matrix functions U and A be defined as in (8) and (9). As
above \;, 1 = 1,2,---,d, denote the diagonal elements of A. For n € IN we
consider the diagonal matrix function A, with diagonal )\En) = (NV i) An,
1=1,2,---,d. Now we define

B,=UoA:oU* and ¢ = B,oB:.
In view of || B,||? = trace o™ and (10) we get
B> <dn, ne€lN.

Furthermore, for every = € IR?
(Bpz,2) = (UNZU*z,2) = (A2U*2,U*2) > n 2 |U*z|> = n"2|2[%

Therefore, the coefficients B,, satisfy the assumptions of Krylov’s theorem (cf.
[12], Theorem 2.6.1) and hence there exist probability spaces (Q", F", P")
with filtrations IF" = (F}");>0 and processes (X", IF") and (W" IF") such that
(W™ TF") are Wiener processes and (X", W") satisfy Eq. (1) with initial value
Xg = 29-

Now we show that the sequence of processes (X N Xn))’nE]N, for arbitrary but
fixed m, is tight in C([0,4+00)). Due to a theorem of D. Aldous [2], for tightness
in the Skorohod space D([0, +00)), it is sufficient to show that for every sequence

(1™) of TF"-stopping times and every sequence (¢,) of real numbers such that
0, ] 0 and all € > 0 it follows

lim P (| X7, n 5,0 nm (xn) = Xinrmar, (xm| > €) = 0. (16)

n—oo
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Because the processes X7 .y are continuous, from [10], Theorem VI.3.26,

then follows that the tightness also holds in C([0, +00)). We now verify (16):
By Tchebychev’s inequality and Lemma 2.5, for any K > 1 we obtain

P (| XA (rn g6,y nmm(xxm) — Xinrnarm (xmy| > €)

EA(T 480 ) AT (XT)
< g2 E"/ trace o™ (s, X™) ds
t

AT AT (X™)

IN

EATm (X™)
Kope 2472 E”/ Litrace o(m>Kytrace o™ (s, X") ds
0

IN

K6n€_2 + 6_20 ( / 1{trace a(")>K} (trace O_(n))d+1(det U(n))_ldde)ﬁ

[0,t] XU,

From (10) we get

d Mtrace o™ <\ .= max )\l(."),

Clearly, det 0™ = det A,, and using Lemma 2.3 and the obvious inequalities
/\En) <\N+1,1=1,---,d, we observe

(trace o)t (det ¢™)™! < @4t (A 4+ 1)4+! (det A)~!

where \ := max Ai. Now det A = det o and, again applying the inequalities

(10), we obtain

(trace o)t (det ¢™)™! < @D (max (0y;) + 1) (det o)7L

i=1,-d

Setting v = 'HllaXd o + 1 we arrive at
P

Pn(lXﬁ\(T"—&-(Sn)/\Tm(X") - th}\’r"/\Tm(X")| > 5)
o1
< Kope 2 +d*c2C (/ 1{7>Kd72}7d+1(det o) tdy ds) :
[0,t]xUp,

But in view of conditions a) and b) the function v¢*! is locally integrable with
respect to du = (det o) ™! dy ds and, consequently, the right hand side converges
to zero for n — oo and then K — oo. This shows that (X7, . )nen is tight
in C([0, +00)).

Using the well-known theorem of Yu.V. Prochorov (cf. [4], Theorem 6.1), by
the diagonal method we can choose a subsequence (ng) and, for every m € IN,
probability measures R™ on C([0,400)) such that

lim Dpn (X5 ) = R™.

k—o0

For simplicity we assume that

lim Dpn (X7, () =R™ forall meN. (17)

n—oo
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Let us extend R™ to probability measures R™ on (E([0, +00)), £([0, +o0))) by
R™(A) = R™(ANC([0,+00))), A€ E([0,+00)). (18)

We recall the definition of the coordinate mappings Z = (Z;);>o on E([0, +00))
by (3) and denote their restrictions to C([0, +00)) by Z = (Z;)i>0. Similarly,
let 7, be the restrictions of the IE-stopping times 7, defined by (2). We note
that 7, is lower semicontinuous and 7,4 := lim,|, 7 is upper semicontinuous.
Furthermore, it can easily be seen that 7, = 7,4 R™-a.s. for all m € IN and for
all a > 0 except for, possibly, a countable set of numbers a (cf. [23]). Hence
there is a sequence (a,,)men With a,, € (m — 1,m| such that 7, are R™-a.s.
and also R™*!-a.s. continuous functions on C([0, 400)).

To simplify the notation, we write

O =T, and U, =7,

m

and introduce the continuous processes X" and "Z defined on (Q", F", P")
and (E([0,+00)),£(]0,400))), respectively, by

mX? = Xg\ﬁ,,L(X“) and mZt = Zt/\'&m’ t Z O

The restriction of "Z to C([0,+0o0) is denoted by mZ  In the sequel, as image
space for X" and ™Z we consider (C([0,+00)),C([0,+00))). We define the
probability measures Q™ by

Q" = Drn("Z) (= D ("Z)),

i.e., Q™ on (C([0,+0)),C([0,+00))) is the distribution of the stopped process
"7 defined on the probability space (E([0,+00)), ([0, +00)), R™). The prob-
ability measures Q™ on (FE([0,4+00)),£([0,400))) are now introduced as the
extensions of Q™ analogously to (18).

From (17) and the continuous mapping theorem (cf. [4], Theorem 5.1) we obtain

lim Dpn(™X") = Q™ forall meIN (19)

n—oo

and, for the same reasons,

lim Dpn("X") = Drm+1("Z) for all m e N

n—oo

because (a,)men 1S chosen such that ¥, = 7,, is continuous R™-a.s. and
R™*la.s. This yields the equality

Droms+1("Z) = Q™ for all m e IN. (20)

We now state the following

Lemma 3.2 For all m € IN we have
12



1) Dan("7) = Q"
2) Danei ("Z) = Dan ("2).
3) Q"HA)=Q™(A) forall A€é&y,.

Proof. 1) follows from the identity "Z o™Z ="Z and the definition of Q™ and
Q™. Using "Z o™*1Z ="7 and relation (20) we observe

Danit ("Z) = Dans (Z) = Q™

which implies 2) in view of 1). Finally, 3) is a simple consequece of 2) and the
property "Z'(A) = A for every A € C5 = &y, NC([0,+00)). This proves
Lemma 3.2. O

In view of Lemma 3.2 and Proposition 2.1 there exists a unique probability
measure Q on (E([0,4+00)),E([0, +00))) such that
Q(A)=Q™(A) forall Ae&,, melN.
The definition of Q, the representation (4) and Lemma 3.2 yield
Dq("Z) = Don("Z) = Q™.
Hence statement (19) can be rewritten as

nlirgonn(mX”) =Dq("Z) forall m e IN. (21)
Thus we constructed processes "'Z on (E([0,+00)), E([0, +00)), Q) to which the
sequence ("X™),en converges weakly. Our aim is to show that the process
7 defined on the completed probability space (E([0,+00)),EQ([0,+0)), Q)
with filtration IF = (F;)i>0, Ft = 5&, t > 0, where the superscript Q means
completion in £9([0, +00)), is the desired solution of Eq. (1).

For this we notice that in view of [10], Proposition IX.1.10, ("Z,TF %) is a
continuous martingale where IF"Z denotes the filtration generated by ™Z. From
this easily follows that ("Z, IF') is also a continuous martingale. This yields that
(Z,1F) is a continuous local martingale up to the explosion time 75. In order
to prove that (Z,IF) is a solution of Eq. (1) it is now sufficient to show that for
the covariation matrix of Z = (7, Z2,---, Z%) we have

t
(Zi,Zj>t:/aij(s,Zs)d$ on {t<7a} Q-as.
0

or, equivalently,
(mZZ,mZJ>t:/ oij(s,Zs)ds on {t<v,} Q-as forall meIN (22)
0
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and for every i,j =1,2,---,d (cf. [9], Theorem 7.1"). The result will be proven
if we are able to verify

A (X™)
i Den (), [ 05, X2 d
0
AN,
_ Do(("Zi 2, / 05, 2,) ds) (23)

0

forall m € N and 7,7 =1,2,---,d. Indeed, regarding that X™ is a solution to
(1) for B, an application of the continuous mapping theorem (cf. [4], Theorem
5.1) to the metric g then implies

A
o((mZ M7y, / 015(s, Z0) ds) = 0
0

for all m € IN and 4,5 = 1,2,---,d and, consequently, (22) is satisfied. For
proving (23), we first fix p € IN and show

AN (X™)
lim Dpn (("X™ "X, / o (s, X1 ds)

n—oo

0

AN
= Do(("Z "7, / oD(s, 2,) ds) (24)
0

for all m € IN and 4,5 = 1,2,---,d. Since O’Z

(Uz‘(f))dﬂ

functions uniformly bounded by p such that

; is bounded by p and hence

is locally integrable we can choose a sequence ( ffj )) ke of continuous

lim ) — o)+ dy ds = 0
k=00 J10,N|xUp

for all m, N € IN. By [10], Corollary VI.6.6, and the continuous mapping
theorem (cf. [4], Theorem 5.1) we now obtain

A (X™)
lim Dpa (("X™ "X, / F(s, X ds)
A,
= Do(("Z!"Z7) / (s, 2,) ds). (25)

Next we extend Lemma 2.4 to the process Z.
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Lemma 3.3 For any nonnegative measurable function f, m € IN and t > 0 we
have

tAY ﬁ
Eq / F(s,2,)ds < C ( / 51 (s,y) [deto (s, )] dyds) "
0 [0,t]x U,

Proof. We can assume that f is continuous (cf. proof of Lemma 2.4). Using
(21), the continuous mapping theorem, Fatou’s Lemma (cf. [4], Theorem 5.1
and Theorem 5.3) and Lemma 2.5, we conclude

tADm tAOm
EQ/ f(s,Zs)ds < liminf E”/ f(s, X2 ds
0 0

n—oo

n—oo

. T
= C ( / f [det o]~ dyds)
[0,t] XU

where the last equality follows from lim,, .., det 0™ = det ¢ a.e. and the uni-
form integrability of det ¢™ on [0, t] x U,, which is derived from (12) in Lemma
2.3, inequalities (10) and assumptions a) and b) of the theorem. O

1
_ a1
< C'liminf ( / F [det o™ ' dyds)
[0,t] xUp,

Using Lemma 3.3 we estimate
tA\Im

O
Q( sup | fl-(f)(s, Zs)ds —/0 Jg)(s,ZS)dﬂ > ¢€)

0<t<N Jo

NAYm
< —Eq / ¥ (s, 2.) — 0 (s, Z,)| ds

1
T+
< ¢'C </ |f¢(;€) (p)|dJrl [det o]~ dyds) :
[0,N]xUpm,

Since | fi(f) — ag’ )|4+1 is bounded by (2p)**! condition a) yields that the right
hand side converges to zero as k — oo and hence

A% N

mrzi m k mrzi mrzj
i Do(("2'72), [ (5. 2)d5) = Da("22), [ o(s.2.)ds)

0 0

(26)
In the next step we estimate
tADm (X™) tADm (X™)
(k) (p)
limsup P"( sup | fii (8, X¢) ds —/ 0.7 (5, X7)ds| > €)
n— oo 0<t<N 0 0

N A (X™) 0 ”
< ¢! limsupE”/ fij (s, XT) — 0,5 (s, X7)| ds
n—00 0

1

d+1
£7'C limsup (/ ]f (p |7 [det o™] “y ds) .
[0,N] % Un,

IN

n—oo
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As in the proof of Lemma 3.3, (det 0(™)~! is uniformly integrable over [0, N] x

U,. Since limj_,» fi(f) = al@ ) a.e. and fi(f) is bounded by p as well as crg? ) the

right hand side converges to zero as k — oco. Using the abbreviations

EADm (X™) " EADm (X™) .
mynk _ n myn _ p n
]ij (t) —/0 fii (s, X{)ds and ]ij<t> _/0 05 (s, X¢) ds,

ij
this gives

lim lim sup P"(0®((("X™ "X"™7),"I7F); (("X™, X)) > ) =0 (27)

k—oo n—oo

for all € > 0.

Applying Proposition 2.2, from relations (25), (26) and (27) we obtain the weak
convergence (24).

For the final step p — oo we first observe that

A A
lim DQ((mZi,ij),/ 0’8-))(5, Z,)ds) = DQ((mZ’,mZJ>,/ oij(s, Zs) ds)
0 0

p—00
(28)
because in view of Lemma 3.3
tAm tADm
Q( sup | agj)(s,Zs)ds —/ 0ij(s, Zs)ds| > €)
0<t<N Jo 0

NAdm
< ¢! EQ/0 05 (5, Zs) — 045(s, Zs)| ds

1
-1 () _ _ jd+1 -1 o
< ¢ C |lo;" — oi|"" [det o] dyds :
[0,N]XUp,

By majorized convergence the right term converges to zero as p — oo since by
the definition of ¢® it follows lim,, ., |0£§7 ) oij| = 0 and by (10)

o — o3 |1 [det o] k:qlg?gdlkff) — At [det o] !

1 d+1 -1
:rﬁzaf-(.,d()\k + 1) [det o]

IN

IN

k
< (trace o + 1) [det o] !

which is integrable over [0, N] x U,,.

Furthermore, by Lemma 2.5 and inequalities (10) we have

EAD (XT) tADm (X™)
dp = limsup P"( sup | / 05}1)(8,)(?)613 — / Ugf)(San)dﬂ > €)
n—00 0<t<N ,
NAGm (X™)
< e lim sup E, / |Ugl)(8, X7) — Ug)(&X?” ds
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T

_ +

< ¢ 'C limsup / ’O’i(;) — 0§§)’d+1 [det o™] " dy ds>
S [0,N]xUnm,

1
d+1

< ¢ 'C limsup ( / max AU — p\(P)jd [det a(”)]_l dy ds)

o0 k=12,
[0,N]XUp,

< ¢7'C limsup / max ()\,(C”))d+1 L spy [det 0(")]71 dyds

n—oo k=1,2,--,d
[0,N]xUpm,
1

_ my
i / (max pr L oy [deto™)] 1dyd$)

[0,N]xUn,

< 5_10 / k:I{l’%?(.’d()\k + 1)d+1 1{)\k>P} [det O']_l dyds

1

d+1
+p_(d+1)2d / max d()\k + 1)d+1 [det O']_l dyd3>

k=12,
[0,N]XUnm,

where the last inequality follows from )\,(c") < A\;+1 and Lemma 2.3. In view of
the conditions a) and b) and the inequalities (10), the function

dt1 -1
k:r{}%?'c.’d(/\k + 1) [det o]

being integrable over [0, N] x U,, , we observe that the right hand side con-
verges to zero as p — oo. This yields lim, ., J, = 0. Consequently, with the
abbreviations

) mon (e
(L) :/0 0 (s, X¢)ds and  "JZ(t) :/o o5 (s, X1)ds,

we conclude

lim limsup P™(o® ((("X™,"X™),"J7); (("X"™ "X™) "JP)) > e) =0 (29)

= p—ooco

for all € > 0. Finally, using Proposition 2.2, from (24), (28) and (29) we obtain
(23). The proof of Theorem 3.1 is completed. O

Theorem 3.1 can be extended in the following way. We introduce the sets
Np = {(t,z) € [0,+00) x R?: B(s,z) =0 for almost all s>t}
and
Eg = {(t,z) € [0, +00) x R?: u(S;5(t,x)) =00 forall §>0}

where Sj(t,z) denotes the ball with center (¢, ) and radius ¢ in [0, +-00) x IR%.
We recall the definition of the measure p by (15). Clearly, E§ := [0, +00) X
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IR? \ Ep is an open subset of [0, +00) x IR? and p is a locally finite measure
on E%, ie., u(K) < +oo for every compact subset of Ef. We now state the
following conditions:

A)  Ez  CNg
B) |B|X“) e L¥(Bg, ).

The condition f € L°°(E%, 1) means that f is integrable with respect to u over
every compact subset K of E% (and not of [0, +00) x IRY). Now we state

Theorem 3.4 Suppose that the conditions A) and B) are satisfied. Then, for
any xo € RY, there exists a solution X of Eq. (1) with Xy = .

Proof.  The proof is very close to the proof of Theorem 3.1 and therefore we
only give a brief sketch. Let (D,,)men be an increasing sequence of compact
subsets of E such that Ef = |, Db, where DY, denotes the interior of D,,.
Without loss of generality we can assume D,, C [0, m] x U, for every m € IN.
By 7po we denote the IE-stopping time

Tpo (w) = inf{t > 0: w(t) ¢ DY}, w € E([0,+00)).

Then Lemma 2.4 and Lemma 2.5 remain valid if we replace t A7,,,(X) by 7po (X)
on the left hand side and the set [0, ¢] x U,,, by D,, on the right hand side. Indeed,
in the left integral with upper bound 7o (X) we first replace f by f1p, and
then the upper bound 70 (X) by the larger m A 7,,,(X) and now apply Lemma
2.4 to obtain the result.

Now we define B, as in the proof of Theorem 3.1 and let X™ be solutions of Eq.
(1) for the coefficients B,, defined on probability spaces (2", F", P"). Exactly as
in the proof of Theorem 3.1 we can verify that, for every m € IN, the sequence of

stopped processes (X f}\TDO ( Xn))ne]N is tight and, consequently, we can construct

a subsequence (n;) and probability measures R™ on (C([0, +00)), C([0, +00)))
such that

lim Dpny (X —R"

Jm g, (x7)

for all m € IN. For simplicity we assume

n—oo

lim Dpn(X,”ATDO (xny) = R™ forall meIN.

Let R™ be the extensions on (E£([0,+00)), £([0, +00)) of the probability mea-
sures R™ (cf. (18)). Let now G,, be open subsets of D), with Ef = U,,cx G

such that the restriction to C(]0, +00)) of the first exit time 7¢,, of Z from G,,
is continuous R™-a.s. and R™*!-a.s. We then define

Too = lim 7¢,,

m—00

and notice that 7, is just the first entry time into the closed subset Ep of
[0, +00) xIR?. By statements analogous to Proposition 2.1 and Lemma 3.2 there
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exists a unique probaility measure Q on &, which extends the restrictions of
R™ to &, for m € IN. In the same way as in the proof of Theorem 3.1 it is
now possible to prove that (Z,IF) is a continuous local martingale up to 7, and

t
(Zi,Zj>t:/aij(s,Zs)ds on {t<7o} Q-as.
0

for all 7,7 = 1,2,---,d. This, however, amounts to saying that Z is a solution
to Eq. (1) up to the stopping time 7.,. Finally, setting Z° = Zia.._, condition
A) ensures that Z* is, indeed, a solution to Eq. (1) on the probability space
(E([0, +00)), £2([0, +00)), Q) with filtration IF = (F})is0, Fr = E3,t>0. O

If the initial value lies in E, i.e., (0,2¢) € E, instead of condition A) it suffices
to require

A') 9Fp C Np

where 0Eg denotes the boundary of Ep.

Remark 3.5 (i) Theorem 3.1 and 3.4 ensure the existence of, possibly, only
exploding solutions (X, IF) of Eq. (1). If we are looking for nonexploding solu-
tions this should be understood as a first step. If we have found any solution, in
a second step one could ask for nonexplosion conditions. It seems that a general
answer to this problem is hardly possible, unless the linear growth condition is
exploited. Nonexplosion and explosion strongly depend on the dimension and
on the concrete structure of the diffusion matrix. In the one-dimensional case,
however, explosion never occurs if B is time-independent. In the general, time-
dependent case for nonexplosion of solutions it is sufficient to know (under the
conditions of Theorem 3.1 or 3.4) that supy«,«y |B(t, x)| is finite at least on a
set of strictly positive Lebesgue measure, for every N > 1 (cf. T. Senf [20]).
This illustrates that the linear growth condition as condition for nonexplosion
of solutions is not the best possible.

(i) A.S. Kosciuk [11] (see also S. Albeverio et al. [1]) gave the following
existence condition for degenerate but bounded diffusion matrices B, 0 = BoB*:
Let

A={(t,z) €[0,+00) x R*: I(t,,z,) — (t,x) and deto(t,,x,) — 0}

and assume that the restriction of B to A is continuous and, moreover, if B is
not continuous at (t, ) then det o is bounded away from zero on U\ A for every
sufficiently small neighbourhood U of (t, z).

(iii) If B is of at most linear growth, the following remarkable existence con-
dition (specialized to our situation) was found by A. Rozkosz and L. Stominski
[19]:

V C Np (30)
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V = [(Eg\Ep)ND]U[E,NnD',
EL = {(t,z) €[0,4+00) x R : u(Ss(t,z) \ Ep) = +oo for all § > 0},
D = {(t,z) € Eg: B(t,-) restricted to Ep is discontinuous at x},
D' = {(t,z) € [0,400) x R?: B(t,-) is discontinuous at z}.
For example, if B(t,-) is continuous for all ¢ > 0, then (30) is satisfied without

further conditions. It also includes the above stated condition of A.S. Kosciuk
[11]. We believe that Theorem 3.4 can also be proven using the condition (30)
instead of A). However, what concerns condition A) we did not strive for full
generality because it seems that in the multidimensional case condition A) as
well as conditon (30) are far from a necessary condition for existence of solutions.
These conditions allow only relatively small degeneracies of B in comparison
with what should be possible. Undoubtedly, it is of physical relevance that
solutions of Eq. (1) are living on lower dimensional manifolds, possibly varying
in time. It seems that it is a difficult task to give a complete description of the
degenerate case. The following trivial examples should illustrate the situation.

Example 3.6 For simplicity, let d = 2 and B(t,z) = B(x), (t,z) € [0, +00) X
IR?. As above, we set ¢ = B o B*. In the following two simple examples we
always have detc = 0 and, in particular, Eg = [0, +00) x IR®. Additionally,
we can ensure that Ng = () and that B is nowhere continuous, hence D =
[0, +00) x IR? and, consequently, V = [0, +-00) x IR?. (Here we used the notations
introduced in Remark 3.5 (iii).) But nevertheless a solution of Eq. (1) does exist
for all initial states zy € IR?, without assuming any continuity properties.

(i) Let By; = Bys = Bs; = 0 and assume that b := Bsy has the property that
b=2(x!, 2?) is locally integrable with respect to z? for every x! € IR. Then, for
every rg = (24, 22) € IR?, there exists a solution (X, IF) to Eq. (1) with initial
state z¢. Indeed, we can find a two-dimensional Brownian motion ((W?!, W?),IF)
and a process (X2, IF) on some probability space such that

t
Xf:xg+/ b(zd, X2) A2, t>0
0

(cf. [6]). Now we set X} =z}, t > 0. Obviously, (X,IF) with X = (X!, X?) is
then a solution to Eq. (1) for the diffusion matrix B.

(ii) In the second example we choose By = Bs; =: b and Bjs = By = 0 and we
assume that the function h.(z) = b(z,c + z), z € IR has the property that h_?
is locally integrable for every ¢ € R. Let zo = (2}, 22) € IR?>. Then there exists
a two-dimensional Brownian motion ((W?', W?),IF) and a process (X', IF) on
some probability space such that for ¢ = 22 — x} we have

t
thzx(l]—i—/ (XL e+ XHdW), t>0
0
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(cf. [6]). We set X? = c+ X}, t >0, and X = (X!, X?). Then, obviously,
(X, IF) is a solution to Eq. (1) for the diffusion matrix B.

4 The Homogeneous Case

In this section we will briefly discuss the homogeneous case, i.e., the case where
the matrix function B does not depend on ¢ € [0,+00) and thus is a function
B: R — R¥. A matrix function of this type we shall call homogeneous. In
this situation the sufficient conditions on B for the existence of a solution can
be improved. For this the key is the following improvement of Lemma 2.4.

Lemma 4.1 Let B be a homogeneous matriz function and (X, 1IF) be a solution
of Eq. (1). Suppose that f : R? — [0,400) is a nonnegative measurable
function. Then there exists a constant C' which depends only on t, m and d
such that the following inequality holds:

1
d

tATm (X) )
E/ f(X,) [deto(X,)]* ds < C (/ () dyds)
0 [0,t]xUnm,

For the proof cf. [18], Lemma 1.

Analogously to Section 3, we introduce the sets
Np = {z € R*: B(z) =0}
and
Ep={xcR?: [i(Ss(x)) =00 forall &>0}

where S5(x) denotes the ball with center z and radius § in IR?. Here the measure
it is defined by

A(A) = / (deto(y) " dy, A e B(RY),

Clearly, E% is an open subset of IR and [ is a locally finite measure on E%.
Now the conditions A) and B) are changed as follows:

) Ep CNp.
) ||B|]** € L°(Eg, ).

wo i~

In conclusion, we state the homogeneous version of Theorem 3.4. If, addition-
ally, B satisfies the growth condition || B o B*(z)|| < K(1 + |z|?), € IR, this
result was proven by A. Rozkosz and L. Stominski [18].

21



Theorem 4.2 Suppose that for the homogeneous matriz function B the condi-
tions A) and B) are satisfied. Then, for every xo € RY, there exists a solution

The proof is similar to the proofs of Theorems 3.1 and 3.4 and will therefore be

omitted.
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