On Multidimensional SDEs with Locally Integrable
Coeflicients

V. P. Kurenok
Department of Natural and Applied Sciences
University of Wisconsin-Green Bay
2420 Nicolet Drive, Green Bay, WI 54311-7001, USA

A. N. Lepeyev
Department of Mathematics and Mechanics

Belarusian State University
F. Skoriny Av. 4, 220050 Minsk, Belarus

third revision: August 30, 2005

Abstract

We consider multidimensional stochastic equations

t t
Xt =x0+ / B(s, X) dWy —I—/ A(s, Xs)ds
0 0

where xg is an arbitrary initial value, W is a d-dimensional Wiener process and
B : [0,+00) x RY — IRdz, A : [0,400) x R — R? are measurable diffusion and
drift coefficients, respectively. Our main result states sufficient conditions for the
existence of (possibly, exploding) weak solutions. These conditions are some local
integrability conditions of coefficients B and A. From one side, they extend the
conditions from [3] where the corresponding SDEs without drift were considered. On
the other hand, our results generalize the existence theorems for one-dimernsional
SDEs with drift studied in [4]. We also discuss the time-independent case.
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1 Introduction

In this note we consider a stochastic equation of the form

t t
X, = a0+ /B(S,XS) dW, + /A(S,Xs)ds, t>0, (1.1)
0 0

where the coefficients B : [0, +00) xIRY — R, A : [0, +00) x R¢ — IR? are Borel measur-
able matrix- and vector-valued functions with d > 1, respectively, W is a d-dimensional
Wiener process and z, € IR? is an arbitrary initial vector.

It is well-known that if the coefficients A and B satisfy the assumption of at most linear
growth, that is if there exists a constant K; > 0 such that

|A(t, )| + | B(t,2)|| < Ky(1+]z]) forall t>0,2¢€RY, (1.2)

then the solution of the equation, if it exists, is nonexploding, i.e., it exists in IR? for all
t >0 (cf. [6], Theorem 6.4.2). Here | -| denotes the Euclidean norm of a vector in IR* and

d
”B(t7x)||2 = Z Bf](t7x)

1,7=1

In the general case the solution exists only in the sense that it may explode, i.e., on a finite
time interval it may leave every compact subset of IR?. In this paper we study solutions
of equation (1.1) in this more general context.

The purpose of this article is to prove the existence results for the equation (1.1) in the
weak sense. This equation is also called the [t6 equation because K. Ito was the first who
considered it [7]. He proved that the equation (1.1) has a solution if the coefficients A
and B satisfy the condition (1.2) and there exists a constant K5 > 0 such that

|A(t,2) — A(t,y)| + || B(t,z) — B(t,y)|| < Ka|lz —y| forall t>0,z,y€c R (1.3)

The coefficients A and B satisfying the condition (1.3) are said to be globally Lipshitz
continuous.

A.V. Skorokhod [23] proved later the existence of a solution for coefficients not satisfying
the Lipshitz condition. More precisely, he replaced the condition of Lipshitz continuity
of the coefficients by the condition of their usual continuity in the space variable. At the
same time, A.V. Skorokhod proposed a different concept of the solution than that used
by K. Ito: A.V. Skorokhod was looking for a solution of the equation existing on a not a
priori fixed probability space while following the K. [t0’s idea one had to find a solution on
a given probability space with a given process W. Since then one started distinguishing
two concepts of a solution for (1.1): strong solutions (in the sense of K. It6) and weak
solutions (in the sense of A.V. Skorokhod). The names "strong” and ”weak” reflect the
fact that any strong solution is also a solution in the weak sense but not vice versa.

The conditions of A.V. Skorokhod were essentially weakened by N.V. Krylov [10] who
proved the existence of weak solutions of the stochastic equation (1.1) for discontinuous
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and measurable coefficients using his well-known estimates for stochastic integrals of dif-
fusion processes. He assumed the coefficients A and B to satisfy the following conditions:
there exist constants C' > 0 and 0 < ¢; < ¢, not depending on (¢, z) € [0, +-00) x IR such
that for all z,z € IRd, and ¢ >0

’A<t7$)| <C, CI|Z|2 < <<B(t7x)zaz>>7 ||B(t,l’)“2 < Cp,

where ((-,-)) denotes the Euclidean scalar product.

The case of one-dimensional homogeneous equations (i.e., equations with time-independent
coefficients) was treated in detail by H.J. Engelbert and W. Schmidt (cf. [4], [5]). To
formulate some of their results, define the sets

N={zxeR:B(x)=0} and

M={zreR: / B7*(y)dy = oo for any open neighbourhood U (x) of x},
U(z)

where B~2 := 1/B?. It was proven that, for any initial value xy € IR, the equation
(1.1) without drift (A = 0) has a solution if and only if M C N. In particular, it was
shown that the local integrability of B2 is necessary and sufficient for the existence of
nontrivial (not equal identically to a constant) solutions with an arbitrary initial value
xg € R. They obtained also various sufficient conditions for the existence of solutions of
the corresponding time-independent equation with drift. For example, it was proved in
[4] that if B(z) # 0 for all € IR and if the function (1 + |A|)B~2 is locally integrable,
then the homogeneous equation (1.1) has a (possibly, exploding) solution for any initial
value ¢ € IR.

A more general case of equation (1.1) with time-dependent coefficient B and A = 0 but
still with one-dimensional state space was investigated by V.P. Kurenok [12], P. Raupach
[17], A. Rozkosz and L. Stominiski [18] and T. Senf [21]. For example, T. Senf [21] was
able to prove the existence of a solution for every initial value zy € IR under the following
two conditions:

1) B? is locally integrable;

2) B2 is locally integrable.

Moreover, it was proven that the solution does not explode if only, for every N > 1, there
exists a nonnegative function By finite on a set of positive Lebesgue measure such that
B%(t,r) < By(z) for every t € [0,N] and z € IR. The conditions found in [18] were
very similar to those in [21]. In [12] the author assumed the continuity of the function
B7%(t,z) in the variable ¢ along with a condition of local integrability of B~2. P. Raupach
generalized the result from [21] (respectively, that from [18]) replacing the condition 2)
by a weaker condition
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where the sets M and N in case of the function B(t,z) are defined similarly as in case
of the function B(z) above.

Let g be a measurable function in [0, +00) x IR?. We write g € L'°¢([0, +00) x IR?) if g is
locally integrable, i.e., integrable with respect to the Lebesgue measure on every compact
subset of [0, +00) x IR%. Let ¢ = det B - B* and define the measure x on [0, +-00) x IR* by

du(s,y) = [det o(t,y)] ' dy ds (1.4)

where 07! = 400 and B* is the transpose of the matrix B. Similarly, the notation
g € L°([0,+00) x IR p) stands for the local integrability of g with respect to the
measure £ on [0, +00) x IR

In [3] it was proved the existence of weak solutions for multidimensional stochastic equa-
tion (1.1) without drift under the following two conditions

ay) (det B- B*)~! € L°([0, +00) x IRY),

ag) [|B*D e £°°([0, +00) x RY, pu).

The results of this paper generalize the results in [3] for SDEs with drift when the condi-
tions a;), az), and

b) [A|* (I BI[** +1) € L([0, +-00) x R, 1)

are satisfied.

Another far-reaching generalization was given by A. Rozkosz and L. Stominski [19], [20]
for multidimensional stochastic equations with time-independent and also with time-
dependent coefficients A and B satisfying, additionally, the usual linear growth condition
(1.2). We refer for the detailed formulation of the results to [19], [20] and only notice that
one principal difference between the conditions in [19], [20] and our conditions is that we
do not require at most linear growth of the coefficients A and B.

By discussing the results about SDEs with unbounded drift, we cannot leave without
mentioning the investigations of N.I. Portenko [16] who proved the existence of (non-
exploding) solutions for the equation (1.1) with diffusion coefficient B being uniformly
continuous, bounded and nondegenerate, and the drift coefficient A(t, ) being globally
Lebesgue integrable in the space variable x of order p > d+ 2 on every interval [0, T],T >
0. As an essential tool for proving his results, he used his own estimates (similar to
Krylov’s estimates) for stochastic integrals of solutions of SDEs with integrable drift.
The assumption of global Lebesgue integrability led Portenko to obtain non-exploding
solutions while we require the local Lebesgue integrability of coefficients which garantees
the existence in more general sense as described above (exploding solutions).

In the time-dependent or multidimensional cases, the main tools remain the Krylov’s
estimates. We also use here an appropriate variant of Krylov’s estimates for processes X
satisfying the equation (1.1). The case of time-independent equations is discussed as well.
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2 Preliminaries

Let RY = R?U {A} be the one-point compactification of IR?. By (IRd, B(IRd)) we denote
the measurable space generated by the o-algebra B (I_Rd) of Borel subsets of R?. For any

function w : [0, +00) — R’ we set

Ta(w) =inf{t > 0: w(t) = A} (2.1)
and call T (w) the explosion time of the trajectory w. Let E([0,+00), R?) be the set of
all right-continuous functions w : [0, +00) — R? such that w is continuous on [0, 7a(w))
and w(t) = A whenever ¢t > 7a(w). For every t > 0 we define the coordinate mappings
Z, : E([0, +00), RY) — R’ by

Zy(w) = w(t), w e E(0,+00),RY), (2.2)

and introduce the o-algebras

£([0,+00),RY) = 0(Z,t > 0), & =0(Zs,s<t), t>0,

and the filtration IE = (&);>o. Obviously, 7a is [E-stopping time.

Now, for any right-continuous function w : [0, +00) — R’ and any a > 0, let 7,(w) be
a family of IE-stopping times such that 7,(w) < 7 (w) < 7a(w) whenever 7a(w) < 400
and a < a’. We additionally assume that

T.(w) T 7a(w) as a — oo. (2.3)
For example, the family 7,(w) of [E-stopping times defined by
To(w) :=1inf{t > 0 : |w(t)| > a}

is an increasing sequence in the sense described above and satisfies the condition (2.3).

We remark further that for every IE-stopping time 7 the o-algebra &, associated with 7
can be described as

& = 0(Zins, t > 0) = (Z7)Y(E(]0, +0), RY)), (2.4)

where Z7 : E(]0, +oo),I_Rd) — E([O,+oo),I_Rd) is defined by Z7(w) = w(- A 1) for all

w € B([0,+00),IR") (cf. [22], Theorem 1.6).

Now let (a,,)men be an increasing sequence of positive real numbers converging to in-
finity as m — oo. Using standard arguments (cf. T. Senf [21]) one can show that, for
every m € IN, (E([0, —l—oo),]Rd),ETam) is a standard Borel space (cf. K.R. Parthasarathy
[15]). Furthermore, one sees that the o-algebras £;, —are increasing, £([0,400), IRd) =
(U en €ra,, ) in view of the assumtion (2.3), and if (A,,)men is a decreasing sequence of
atoms A, from &, then ) A,, # 0. Theorem V.4.1 of K.R. Parthasarathy [15] now

implies
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Proposition 2.1 Let (Q™)new be a consistent family of probability measures Q™ on

Er.. - Then there exists a unique probability measure Q on &([0, +oo),]Rd) which is an
extension of the family (Q™)men-

Let C(]0, +00), IR%) C E([0, +00), IR?) be the space of continuous functions w of [0, +00)
into IR? endowed with the metric p defined by

plw,v) =S 2% (sup w(t) — v(t)] A 1) (2.5)

t<N

for all w,v € C(]0, +00), R?). We denote by C([0, +00), IR?) the o-algebra of Borel subsets
of C([0, +00), IR%) and notice that C([0, +00), R = £(]0, +00), RY) N C([0, +00), RY).

Let (Q,F,P) be a complete probability space and IF = (F;);>0 be a filtration of F. We
suppose that IF = (F;);>0 satisfies the usual conditions, i.e., it is right-continuous and Fj
contains all F-sets of P-measure zero. For a process X = (X;);>0 defined on (2, F, P) we
write (X, IF) for X being [F-adapted. If £ is a random variable on (2, F,P) with values
in a measurable space (F, &), Dp(&) will frequently be used as synonymous notation for
the distribution P of ¢ with respect to P on (E,E).

Let now X", n € IN, and X be stochastic processes with trajectories in a metric space
S defined on probability spaces (2", F", P") and (€2, F, P), respectively. If the sequence
(P%. )new of distributions of X™ converges weakly to the distribution Px of X, so we
shall write

We shall repeatedly make use of the following rule for weak convergence. The proof is the
same as the proof of Theorem 4.2 in P. Billingsley [2]. Let (S,d) be a separable metric
space and B(S) be the o-algebra of Borel subsets. In this article, S = C([0,+00),IR%)
or S = C([0,+00),IR%) x C([0,+00),IR?) with the metric d = p or the product metric
d = p? where p is introduced in (2.5).

Proposition 2.2 Let X! and Y", Xj, and X be random variables defined on probability
spaces (1", F", P"™), (Q, Fr, Px), and (0, F,P), respectively, with values in (S, B(S)).
Suppose that the following conditions are satisfied:

n—0oo

2) lim Dp,(Xy) = Dp(X).

3) lim limsup P"(d(X},Y") >¢e)=0 forall >0.

k—oco n—oo

Then we have

n—oo



In the sequel we shall use the following norm || - || of the matrix B defined as
d
|B||? = Z ij = trace o.
ij=1

By definition, o(t, z) is a symmetric and nonnegative definite matrix. Hence we can find
orthogonal matrices U(t, x), which can be chosen measurable in (¢, z), such that

At,x) =U*(t,z) - o(t,z) - Ult,z), (t,x) € [0,+00) x RY, (2.6)

are of diagonal form with nonnegative diagonal elements \;(¢,x), i = 1,2, --,d. Equiva-
lently, o has the representation

o(t,r) =U(t,z) - A(t,x) - U*(t,z), (t,x) € [0,+o0) x R™ (2.7)

The following chain of inequalities can easily be verified:

max o0;; < max \; < trace 0 <d max oy (2.8)
ij=1,-d i=1,,d i=1,,d
where 05,1,7 = 1,2, ---,d, denote the entries of the matrix o. The next lemma, which is

proven in [3] (Lemma 2.4), will be used for later estimates.

Lemma 2.3 Let 1
)\?:(/\Z\/—)/\n, i:1727"'7d7 n € IN.
n

We then have the inequalities:

d [ d -1 d -1
n nl < +1)° :
() (I0) < s (1)

i=1

where 0~ = +00.

A stochastic process (X, IF), defined on a probability space (€2, F,P) with filtration IF =

(F1)i>0 and with trajectories in E([0, +00), IRd), is called a solution of the equation (1.1)
with initial value zo € IR® if there exists a d-dimensional Wiener process W = (W, )0
with respect to the filtration IF such that W, = 0 and

t t
X :xo—i-/B(s,Xs) dWs+/A(s,Xs)ds on {t<7a(X)} P-as. (2.9)
0 0

for all t > 0. Here 7o (X), called the explosion time of X | is the composition of 7o (defined
by (2.1)) and X. Solutions of this type are called weak solutions.
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Let (X, IF) be a solution of equation (2.9) and, for any m € IN, define
Tm(X) = 7H(X) AT2(X) A T2 (X), (2.10)

where
TH(X) =inf{t > 0: |X;| > m},

m

t

72(X) =inf{t > 0: /trace o(s, Xs)ds > m},

m

0

¢
2 (X) = inf{t > 0 /|A(s,X5)|ds > m).
0
It can be easily verified that the sequence (Tm(X )> ,m=1,2,... has the following prop-
erties:
1) (Tm(X )) is a sequence of IF - stopping times;
meIN

2) T(X) T 7A(X) as m — 0.

Obviously, the equation (2.9) is equivalent to

tATm (X) tATm (X)
Xinrm(X) = To + / B(s, Xs) dW, + / A(s, X5)ds P-as., (2.11)
0 0

where ¢ > 0, m € IN. We notice that (7,,(X))men is a localizing sequence for the contin-
uous semimartingale up to 7a(X) given in (2.9). Therefore, the processes in (2.11) are
bounded semimartingales with respect to the filtration IF = (F;)>o.

Next we state a version of Krylov’s estimates for stochastic integrals which will be essential
for the proof of our main result. As usual, for all m € IN the set U,, = {x € R : |2| < m}
determines the ball around the origin with radius m.

Lemma 2.4 Suppose X is a solution of SDE (1.1) and f : [0,+00) x R? — [0, +00) is
a nonnegative measurable function. Then there exists a constant C which depends on t,
m, and d only such that the following inequality holds:

tATm (X) )

E O/ f(s, Xs) [det O'(S,Xs)]‘#l ds| < C’( / (s, y) dyds)m.

[0,t]xUp,

Proof. Assume first that f is a nonnegative, bounded, and continuous function and let
t >0 and m e IN. We set

 f(s,x) if s€[0,t], v € Uy,
9(s,2) = { 0 otherwise

8



and take ¢ € C5°([0,00) x IR?) such that

/ o(u,z)dudr =1,

[0,400) xIR?

where C$°([0, 00) x IR?) is the set of all infinitely many times differentiable functions with
a compact support defined on [0, 00) X R4 and values in IR. Furthemore, for any £ > 0
let ¢ (t,x) be the convolution of the function g(t,z) with the function ¢, defined as
o (u,z) = e~ (e (u, x)). Clearly, ¢©(t,z) € C°([0, 00) x IRY).

According to Lemma 5.1 of N.V. Krylov [11] (see also Lemma 1.1 there), there is a function
2 (s,2) > 0 defined on [0,#] x U, such that for all s € [0,#] and = € U,, we have:

02 1 & 9220
i N <
at (S7x) + 2 1’7]2— axza jO-’LJ(S7'r)
1 ;1
2C) (s, x)trace o(s,z) — [det 50]?(3, ) g© (s, 1), (2.12)
()
1% (5,0)] < 25,2, (2.13)
29t 2) < N / (69) (5,9 dyds) ™" = N[ g9 bngars (214)

[0,6] xUnm
where the constant N depends on d,? and m only.

Applying Ito formula to z(®)(s, X,) leads to

E [0t A 70(X), Xinrn(x))] — 290, Xo) =

tATm (X) d d
02 1 . .
E / (at (s,Xs)+§;aijz;i;j(s,xs)+21Aiz§i>(s,xs))ds . (215)
0 1,j= =

Let s € [0,¢ A 7, (X)]. Then using (2.12), (2.13), and the relations
A; <max A; < |A],
d

(e) (e) ()
SIZ S < dmax| Z T <

— ox; z; Ox ;

we obtain
E [29(t A 70 (X), Xinmn(x))] — 29(0, Xo) <

tATm (X)
E / (z(e)(s,Xs)trace o(s, Xs) + d|A(s, XS)|Z(E)(S,XS)>dS

0



tATm (X)
1
~E / [detéa]ﬁ(s,xgg(a)(s,xs)ds
0

Using the nonnegativity of 2(*) and the relation (2.14), we have
—29(0, X,) <
tATm (X)
E / (2(5)(5,Xs)trace o(s, Xs) + d|A(s, Xs)\z(e)(s,Xs))ds

0
tATm (X)

1
~E / [det50}#(5,)(8)9@(3,)(3)013 <

0

tATm (X)
B [ N (199 measitrace ol X) + dIA(s, Xo)llg s ) ds
0
tATm (X)
1 .1
-E / [det§U]TH(S,XS)9(E)(3,XS)d3
0
or
200, Xg) >
tATm (X)
1
E / [det§a]ﬁ(s,xs)g<€><s,xs)ds
0
tATm (X)
- / N(Hg(a)Hm,t,d-i-ltrace 0(57 XS) + d|A(8v XS)|||9(6)||m,t,d+1>d8
0
Then
tATm (X) tATm (X)
2N (14 / frace o(s, X,)ds | + B / dlA(s, X)[ds | | 199 lmrasr >
0 0
tATm (X)
E / (det 0] 74 (5, X.)g® (s, X.)ds
0

As the result, it follows then from the definition of the sequence 7,,(X) that

tATm (X)
E / [det a]ﬁ(s,Xs)g(g)(s,Xs)ds <
0
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27N (14 2mtd )19 g1 = Cllg s

Since g is continuous on [0,] x U, ¢'*) converges to g as ¢ — 0 and by Fatou’s lemma
tATm (X)
E / [det o(s, X)]77 f(s, X,)ds

0

tATm (X) )
< lim iglf E / [det o (s, Xs)]ﬁ g© (s, X,)ds| < C’( / fH (s, y)dyds) .
0 [0,t] XU

Now we obtain the inequality stated in Lemma 2.4 for functions f = |h| where h is an ar-
bitrary bounded continuous function on [0, t] X U,,. Using the monotone class theorem (cf.
P.A. Meyer [14], Theorem 1.20 and the following remarks) we observe that the inequality
remains valid for all bounded measurable h and hence for all nonnegative bounded mea-
surable functions f. Finally, in the general case f can be approximated increasingly by
the nonnegative bounded functions f A n. This finishes the proof of the lemma. O

From Lemma 2.4 immediately follows

Corollary 2.5 Suppose that deto(s,y) # 0 for almost all (s,y) € [0,t] x U,,. For any
nonnegative measurable function f, m € IN, and t > 0 we then have

tATm
1

(X)
E 0/ f(s, Xs)ds| < C( / (s, y) [deto(s,y)] " dy als)lel

[0,t]xUpm

where C is a constant as in Lemma 2.4.

3 Existence of Solutions

The next theorem generalizes the main existence result in [3] to the case of SDEs with
diffusion and drift coefficients.

Theorem 3.1 Suppose that the conditions ay),az) and b) are satisfied. Then, for an
arbitrary xo € RY, there exists a solution X of the equation (1.1) with Xy = xy.

Proof. Let the matrix functions U and A be defined as in (2.6) and (2.7). As above \;,
i =1,2,---,d, denote the diagonal elements of A. For n € IN we consider the diagonal
matrix function A,, with diagonal entries A = (\; V %) An,i=1,2,---,d, and define
1 1
B*=+\2U-AZ-U*, o"= SBB™, and A} = (A;V—n)An ,i=1,2..4d.

In view of ||B™||* = trace o™ and (2.8) we get

IB"|? < dn, neNN.
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Also we obtain
| A" |<Vdn, and  |A"| <|A]  forall nelN.
Furthermore, for every z € IR?
(B"z,2)) = (UAZU*z, 2)) = ((A2U*2, U*2)) > n~ 3 |U*2|? = n~ 3|22,

Therefore, the coefficients B™ and A™ satisfy the assumptions of Krylov’s theorem (cf. [10],
Theorem 2.6.1). Hence there exist continuous processes (X", IF") and (W™ IF") defined
on probability spaces (Q", F", P") with filtrations F" = (F}");>o such that (W" IF") are

Wiener processes and, for any n = 1,2, ..., the process (X", W") satisfies the equation
t t
X =x0+ /B”(S,X;‘) dW? + /A”(S,X;‘)ds, t>0. (3.1)
0 0
Set

t t
X = X e Y= X / A"(s,"X")ds = w0 + / B"(s,"X") W,
0 0

where 7, is defined in (2.10) and we have used the property of stochastic integrals that
Ot/\T H,dW, = fot H,,.dW, for any stopping time 7 with respect to a filtration IF, any

Wiener process (W, IF) and a process (H, IF') such that the stochastic integral exists.

Obviously, the process ™Y is a continuous martingale being the martingale part of the

continuous semimartingale ™X™. It follows (cf. Theorem 1.4.52 in [9]) that

t

(XX = (YY), = / o7(s, "X {)ds (3.2)

ij
0

for all m € IN,4,j = 1,2,...,d. Here [-,-] and (-,-) denote the quadratic variation pro-
cesses of a semimartingale and a martingale, respectively.

Now we are going to show that, for any fixed m € IN, the sequence of bounded processes
mX™ n > 1, is tight in C([0,00),IR%). Due to Aldous’s criterion [1], for the tightness of
the sequence (™X™) in the Skorokhod space D([0, +o0), IR%), it suffices to show that for
every sequence (7") of IF"-stopping times, every sequence (9,,) of real numbers such that
0, | 0 and all € > 0 it follows that

lim P”<|’"X?A(Tn+5n) —mxn | > 5) —0. (3.3)

n—oo

Because the processes ™X" are continuous, from [9], Theorem VI.3.26, it follows that the
tightness also holds in C([0, +00),IR?). We now verify (3.3). Let first n be fixed. By
Chebyshev’s inequality, Lemma 2.4, and Corollary 2.5 for any L > 1 we obtain

P (I"X o5y = "Kinee| > €)
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EA(T™+0n) (7" +6n)
<P"<\ / B”(s,mX’;)dW§|> +P" / An(s mX”ds|>>

tATn tArn
tA(T™+0n) t/\(Tn+5 )
<8 ?E" / trace 0" (s, "X") ds| + 2 'E" | A™(s,"XT) | ds
tATT t/\T"
EA(T46n) n+5n
<8 ’E" / trace 0"(s,"X") ds| + 2¢'E" (s,"X%) | ds
tATn t/\T”

< L6,(85 2 +2c7) + 8 2E" / Litrace on>rytrace o(s,"X7) ds| +
0
t
2¢'E" /1{|A|>L} | A(s,™X™) | ds| < L6,(8e7% 427 1)+
0

1
8"2C ( / L{trace on>r}(trace o™ (det 0”)_1dyds> o
[0,t] X U,

_1
+2€7IC< / 1{\A|>L} ’ A ’d+1 (det Un)fldyd8> "
[0,t]xUp,
From (2.8) we get
d 'trace o" < \":= ‘£I1laXd A

Clearly, det 0™ = det A,, and using Lemma 2.3 and the obvious inequalities A} < \; + 1,
1=1,---,d, we observe

(trace o™)®! (det o™) ™' < d¥H (A + 1) (det A)

where \ := maxd)\ Now det A = det o and, applying again inequalities (2.8), we obtain

i=1

(trace o™)4*! (det o™)~! < @*4+D ({Iiaxd(aﬁ) + 1) (det o). (3.4)

Set v = maxd o + 1. Lemma 2.3 implies then

(ao) " = (ar) " = ([e) " <2 ms o 0([T0) ' <

(2d)? (maxd o + 1)%(det o)™t = (2dy)?(det o) 7", (3.5)

=1
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The estimates (3.4) and (3.5) yield together

P (I"X o5y = "Xinre| > €)

1
d+1

< L6,(8e72 +2¢71) +8d%2C ( / 1 a2y (det o) ' dy ds)

[0,t] XU,

+4C’d5_1< / Laszy | A7 y%(det 0)_1dyds>ﬁ.
[0,t]xUp,
Thanks to ap) and b) we know that the functions v¢*! and |A]|9*144 are locally integrable

with respect to du = (det o)~ dy ds and, consequently, the right hand side converges to
zero for n — oo and then L — oo. This shows that ("X™),cn is tight in C([0, +00), IRY).

Using the theorem of Y. Prochorov (cf. [2], Theorem 6.1) and the diagonal method,
we can choose a subsequence (ny) and, for every m € IN, probability measures R™ on
C([0, +00),IR%) such that

lim Dpn (MX"™) = R™.

k—oo
For simplicity we assume that
lim Dpn(™X") =R™ forall m e IN. (3.6)
Let us extend R™ to probability measures R™ on (F([0, +00), ]Rd), £([0, +00), ]Rd)) by
R™(4) = R™(ANC([0, +00),RY), A € &(]0,+00), RY). (3.7)

We recall the definition of the coordinate mappings Z = (Z;);>0 on E([0, +00), R%) by
(2.2) and denote their restrictions to C([0, +00),IRY) by Z = (Z;);>0. Similarly, let 7, be
the restrictions of the IE-stopping times 7, defined in (2.10).

Let us prove that there exists a sequence of numbers (a,,)m>1 such that a, — oo as
m — oo and 7, (-) is R™-a.s. continuous on C([0,00),IRY) for all m = 1,2,... Be-
cause C([0,00),IRY) C D([0,00),IR%), it suffices to show the continuity of 7, (-) on
D([0,00), R%) R™-a.s.

For any m € IN and a € (m — 1,m) consider the function J, : D — IR defined by

Jo(z) :==1nf{t > 0: |2(t)| > a or /|A(s, 2(s))|ds > a or /trace o(s,z(s))ds > a}.

0 0

It is easy to see that the function a — J,(2) is increasing for any z hence there exists a
countable set N,,, C (m — 1, m) such that for all a ¢ N,

R {Z : l;lrgl Jo—e(2) = l;l%l Ja+5(z)} =1

14



and 3
Rm+1{z :lim J,—.(2) = lim Ja+5(z)} = 1.

€l0 €l0

By the definition of the Skorokhod topology, if z, — z in D and lim. g J,—o(2) =
lim, g Jote(2), then Jo(zn) — Jo(2) as n — oo (cf. [8], Section 2.7). Clearly, the function
z — Ju(2) is continuous for R™- and R™!-almost every z for all a € (0,00) \ US°_; N,,,.

Hence there is a sequence (@ )men With a,, € (m — 1,m] such that 7, (-) are R"™-a.s.
and also R™*!-a.s. continuous functions on C([0, +00), RY).

Let us introduce the continuous processes “»X" and *"Z defined on (Q", 7", P™) and
(E([0, +00), I_Rd), E([0, 4+00), ]Rd)), respectively, by

X = X (xmy a0 2y = Zing, (), €20,
To simplify the notation, from now on we write
mX? - amX?, mZt - amZt.

The restriction of "Z to C([0, +00),IR?) is denoted by ™Z. In the sequel, as image space
for mX™ and ™Z we consider (C([0, +00), IR?), C([0, +00),IR%)). We define the probability
measures Q™ by

Q" = Drn("Z) (= Dg.("2)),
i.e., Q™ on (C([0, +00), RY),C([0, 400),IRY)) is he distribution of the stopped process "'Z
defined on the probability space (E([0,400), R ) ([0, +00),IRY), R™). The probability

measures Q™ on (E([0, +-00), R?), £(]0, +00), IR")) are now introduced as the extensions
of Q™ analogously to (3.7).

Given that (a,,)men is chosen such that 7, () is continuous R™-a.s. and R™*!-a.s., the
relation (3.6) and the continuous mapping theorem (cf. [2], Theorem 5.1) imply

lim Dpn("X") = Q™ (3.8)

n—oo

and
lim Dpa("X") = Drm+1("Z) for all m € IN.
This yields the equality
D1 ("Z) = Q™ for all m e IN. (3.9)

We now state the following

Lemma 3.2 For all m € IN we have
1) Don("Z) = Q™.

3) Q" (A) =Q™(A) foral A€k, .

15



Proof. 1) follows from the identity "Z o™Z =7 and the definition of Q™ and Q™.
Using ™Z o™ 17 =7 and relation (3.9) we observe

DQTrH»l (mZ) = DR'm+1 (mZ) = Qm

which implies 2) in view of 1). Finally, 3) is a simple consequece of 2) and the property
mZ 1 (A) = A for every A € C;, =&, NC([0,+00), R?). This proves Lemma 3.2. O
In view of Lemma 3.2 and Proposition 2.1 there exists a unique probability measure Q
on (E(]0, +00), IRY), £([0, +00),]R?)) such that

Q(A)=Q™(A) forall Acé&, , melN.
The definition of Q, the representation (2.4) and Lemma 3.2 yield

Do("Z) = Don("Z) = Q™.

Hence statement (3.8) can be rewritten as

lim Dpn("X") = Dq("Z) forall m e IN. (3.10)

n—oo

Thus we constructed processes "Z on (F([0,+00), I_Rd),é'([O, +00), ]Rd), Q) to which the
sequence ("X™),en converges weakly. We also notice that the process ™7 is a continuous

semimartingale with respect to IF~ (cf. Theorem VI.6.1 and Remark VI.6.5 in [9]). Hence
the process Z is a continuous semimartingale with respect to IFZ up to the explosion
time 7Ao(Z). Our aim is to show that the process Z defined on the probability space

(E([0, +00), I_Rd),é'Q([O, +oo),I_Rd), Q) with filtration IF = (F})1s0, F; = £, t > 0, where
the superscript Q means completion in £2([0, +00), ]Rd), is the desired solution of the
equation (1.1).

In order to prove this, it suffices to show that there exists a Wiener process W such that

t t

Zy —xo—l—/B(s,ZS)dWS—i—/A(s,Zs)ds on {t<7ma} Q-as.
0 0

or, equivalently,
t t
"7y = xo + /B(s,st)dWs + /A(s,st)ds Q-a.s.
0 0
for all ¢t > 0 and m € IN.

According to the well-known theorem of J. Doob (cf. Theorem 7.1" in [6]), we need then
only to verify that, for all i¢,5 = 1,2,...,d,m € IN, and ¢t > 0, it holds

t

(myi mydy, - / oii(s,"2,)ds, Q-as. (3.11)

0
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where "Y is a continuous martingale of the form

If we show that

T}L@ODPH(<’"Y"i,my”j>,/a;;(s,mxg) ds) - DQ((WZYi,ij%/O’ij(s,mzs)d8> (3.12)

0 0

for allm € IN,7,7 = 1,2,...,d, we will be able to finish the proof.
Indeed, because of the relation (3.2), an application of the continuous mapping theorem
(cf. [2], Theorem 5.1) to the functional p implies then

p((in,"”Yj),/aij(s,st)ds> =0

which verifies (3.11).

Let us prove (3.12). For this we will need the following lemma stating that the sequence
of processes ("Y™),n > 1, converges weakly to the process ™Y for any m € IN.

Lemma 3.3 For anym € N, "Z — [ A(s,"Z;)ds is a continuous martingale and
0

lim Dpn (mX” - /A”(s,mxg)ds) ~ Dq (mZ - /A(s,st)ds). (3.13)

n—00
0 0

Proof. First we fix p € IN and show

lim Dpn (mX” - / AP(s,™X™) ds) ~ Dq (mZ - / AP(s,™Z,) ds) (3.14)

n—00
0 0

for all m € IN. Since |AP| is bounded by p and hence (AP)4*! is locally integrable we can
choose a sequence (fi)rew of continuous functions uniformly bounded by p such that

Jim / | fr — AP|" dy ds = 0
[0,N]x Uy,
for all m, N € IN.

Consider the functional Fj, on C([0, 00), IR?) defined as
t
Fua(®) i=2(t) ~ [ fuls.a(o)ds
0

17



Clearly, for any k € IN, the functional F}, is continuous. Hence applying the continuous
mapping theorem (cf. [2], Theorem 5.1) to the functional Fj, we obtain

lim Dpn myn / Fuls,™X™) ds) DQ mz / Fuls ds> (3.15)

n—oo

Next we extend Krylov’s estimates to the limit process "'Z.

Lemma 3.4 For any m € IN,t > 0 and any nonnegative measurable function f, we have

Eq {/ f(s ds} <C (/[o,t}xUm f (s, y) [deto(s,y)] " dyds) " :

Proof. First we notice that it suffices to verify the above inequality only for any continu-
ous and bounded function f. Indeed, using then the standard arguments of the monotone
class theorem (cf. Lemma 2.4), the inequality would follow for any nonnegative measur-
able function f.

Because of the assumption a;) of Theorem 3.1, it follows that det o(s,y) # 0 for almost
all (s,y) € [0,t] x U,,. Hence using Corollary 2.5, the continuous mapping theorem and
Fatou’s Lemma, we obtain

Eq [/0 f(s,st)ds} < hﬂngn [/0 f(s,mX"s)ds]

1

T
< Climinf (/ (s, y) [det o™ (s,9)] " dy ds)
[0,t] X Um

n—~o0

T
o[ ) Metots ) dyds )
[0,t]xUp,
where we used the fact that (det ¢™)~! is uniformly integrable over [0, ] x U, because of
the estimate (3.5) and the conditions a;) and ay) of Theorem 3.1. O

Using Lemma 3.4 and the Chebyshev’s inequality we estimate
t t

Q<0iltl<p]v| fils,™ )ds_/Ap(Sast) ds| > 5)
0

< < Eq [/ u(s."2.) 006,72 0]

< ¢'C ( / | fr — AP|T [det o] ! dy ds) "

[0,N]XUp

Since |f; — AP|%™ is bounded by (2p)4t! uniformly for all k, the condition a;) yields that
the right hand side converges to zero as k — oo. Hence

lim DQ mZ / Fuls DQ<mZ / AP(s,™Z.,) ds). (3.16)

k—o0
0
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In the next step we estimate
t t

limsupP”( sup | [ fu(s,"XT)ds — /Ap(s,mXZ) ds| > E)
n—oo 0<t<N ) )

IN

n—oo

N
e ! limsup E" /\fk(S,mX?) — AP(s,"X7)| ds
0

1

e 1C lim sup( / |fe — AP| 7 [det 0] dy ds)dTl.

[0,N]XUp

IN

Now, since limy_ .o, fx = AP a.e., fp is bounded by p as well as AP, and (deto™)~! is
uniformly integrable over [0, N] x U,, because of ap) and the estimate (3.5), the right
hand side converges to zero as k — o0o. Therefore, we have

t

¢
klirn limsupP"<| /fk(s,mX?) ds — /Ap(s,mXZ) ds| > 5> =0 (3.17)
0

—00 n—oo
0

for all e > 0.

Applying Proposition 2.2, from relations (3.15), (3.16) and (3.17) we obtain the weak
convergence (3.14).

Next we observe that

lim Dq (mz - /Ap(s,st) ds) = Dq (mz - /A(s,st)ds> (3.18)

p—00
0 0

because in view of Lemma 3.4
t t
Q( sup | [ AP(s,"Zs)ds — /A(s,mZS)ds| > 5)

0<t<N
0

N
g1 Eq / |AP(s,"Z ) — A(s,™Z )| ds

0

IN

1

< ¢l ( / |AP — A|* ! [det o] ' dy ds) o

[0,N]XUnm,
By the Lebesgue theorem of uniform convergence, the right term converges to zero as
p — oo since by the definition of A? it follows lim, .. |A? — A|""! = 0 a.e. and, in view

of the condition b), the sequence (|A? — A|%*! [det o] ™"),>1 is uniformly integrable over
[0, N] x Up,.

Finally, it can be easily seen that

lim [A" — AP|" [det o"] " = |4 — AP|% [det o] ace.

n—oo

19



Moreover, the estimate (3.5) and the condition b) of the Theorem 3.1 imply that the
sequence (|A™ — AP|%1 [det 0] '),>1 is uniformly integrable over [0, N] x U,,. Thus, by
Corollary 2.5 and the Lebesgue theorem of uniform convergence we have

t t

A, = limsup P"( sup | [ A"(s,"X7)ds — /Ap(s,mXZ)ds| > 5)
n—oo 0<t<N 0

n—oo

N
< ¢ !limsup E, /|A"(S,mXZ) — AP(s,"X7)| ds
0

1

T
< & 'C limsup < / |A™ — AP|T [det o] dy ds)
T NoNixom,
. T
< ¢'C ( / |A — AP|¥ ! [det o]~ dyds) .

[0,N]xUp,
By the same arguments as above, lim, .., A, = 0. Consequently

t t

lim lim sup P"( sup | [ A™(s,"X7)ds — /Ap(s,mX?)ds\ > 5) =0 (3.19)
P—X n—oco 0<t<N
0

for all ¢ > 0. Finally, using Proposition 2.2, from (3.14), (3.18) and (3.19) we obtain
(3.13). The process ™ is a continuous martingale with respect to the filtration IF"# as a
weak limit of continuous martingales "Y™ (cf. [9], Proposition I1X.1.10). This finishes the
proof of Lemma 3.3. O

As a consequence of Lemma 3.3 and Corollary VI.6.6 in [9], we obtain

Corollary 3.5 For any m € IN and i,j =1,2,...,d, it holds

lim Dpn(<mY”i,mY”ﬂ'>) - DQ(<mZi—/Ai(s,st)ds,ij—/Aj(s,st)ds>>. (3.20)

n—00
0 0

Lemma 3.6 For any m € N andi,5 =1,2,...,d, we have

lim Dpn([mX"i,mX”j], / a;;(s,mxg)ds> - DQ([mZi,ij], / aij(s,st)dS). (3.21)

n—00
0 0

Sketch of the proof : We follow the same steps and use similar arguments as in the proof
of Lemma 3.3. Using Proposition 2.2, for proving (3.21), it suffices to verify that, for all
m € N and 1,5 =1,2,...,d, it holds

Tim Dpn<[me,mX“j], / ij(s,mXZ’)ds) - DQ([mZi,mzj], / ag’j(s,mzs)ds) (3.22)

0 0
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for any fixed p € IN;

lim DQ<[mZi,ij],/ij(s,st)ds> :DQ<[mZi,ij],/aij(s,st)ds); (3.23)

p—0
0 0
¢ ¢
lim lim P”( sup | [ o7i(s,"X¢)ds — /afj(s,ng)ds| > €> =0 (3.24)
P—00 N—00 0<t<N

0
for all e > 0 and NV € IN.

To prove (3.22) we notice that, for any fixed p € IN and 7,5 = 1,2,...,d, there exists a
sequence of continuous bounded functions (fx)ren such that

lim / | fe — 0| " dsdy = 0

k—oo

[OvN] XUnm,

for all m, N € IN. The later follows from the definition of afj and the conditions of
Theorem 3.1. Now, for any k& € IN, the functional G, defined as

Gua(t).y(0) 1= (2(0), [ Ailssu(s))ds)

is continuous on C([0, 00),IRY) x C([0, 00), IR%).

Further we remark that from the weak convergence of the sequence of continuous bounded
semimartingales "X™ to the continuous semimartingale "Z as n — oo it follows (cf. [9],
Theorem VI.6.1) that, for any i, 5 = 1,2, ..., d, the sequence of vectors (["X ™, m™X "], X™)
converges weakly to the vector (["Z%,™Z7],™7). Hence applying the continuous mapping
theorem to the functional G, we obtain

n—oo

lim Dpn([mX”i,mX"f], / fk(s,mX’;)ds> :DQ([mZi,ij], / fk(s,mZS)ds> (3.25)
0 0

for any k € IN.

Using Krylov’s estimates for the limit process ™Z (cf. Lemma 3.4) we obtain that, for
any € > 0, N € N,

lim Q(pQ(([mzi,mzj], / Fols,™Z,)ds); (["Zi ™ 27), / afj(s,st)ds)) > s) =0

k—o0
0 0

which leads to

lim DQ([mZi,ij], / fk(s,st)ds> - DQ([mZi,ij], / ag’j(s,mzs)ds> (3.26)

k—oo
0 0
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forallme IN,i,j =1,2,....,d.

Similarly, using Krylov’s estimates, the relation (3.5), and the conditions of Theorem 3.1,
we can verify that

t t

lim limsupP”< sup | [ fr(s,™X"s)ds — /Ufj(s,mX"S)dﬂ > €> =0 (3.27)

k—oo pnooco 0<t<N

0

foralle >0,N e NNme N, and 1,5 =1,2,...,d.
The relations (3.25), (3.26), (3.27), and the Proposition 2.2 imply (3.22).

For the relation (3.23) to be true, it is enough to verify that, for any ¢ > 0,m € IN, N € IN,
and 7,7 = 1,2,...,d, it holds

t t

lim Q( sup | [ o3;(s,"Zs)ds — /aij(s,st)ds| > 5) = 0. (3.28)
P—o0 " \o<t<N
0 0

By the Chebyshev’s inequality and Lemma 3.4

t t

Q< sup | [ o7;(s,"Z)ds — /aij(s,st)ds| > €>
0<t<N /

_1
< 6710< / |0, — 05| [det U]*ldydgs) .

[0,N]xUm

Due to the estimate (3.5) and the condition ay) of Theorem 3.1, the sequence of functions
(lof; — 0| [det 0] ") p>1 is uniformly integrable over any set [0, N]x Uy, and the relation
(3.28) is true because of the Lebesgue theorem of uniform convergence.

Finally, to show (3.24) we can use the Chebyshev’s inequality, Lemma 2.3, and Lemma
2.4 to estimate

t t

lim lim P"( sup | [ oii(s,"XY) ds—/afj(s,mX?) ds| >6)
P—00 N—00 0<t<N
0

P—30 npnooo

N
< ¢! lim limsup En/\afj(s,me) —U%(SamX?)‘dS
0

1

+1

IN

£7'C lim limsup / o7 — of| ! [det o] dy ds)
P—0 nooo
[0,N]xUpm,
1
+
e7'C lim limsup ( / max AR — X)L [det o™ dy ds)

P—X npn—ooo

1

IN

[O,N] XUm,
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< &7'C lim limsup / max (AP 1y, 5 [det o] 7" dyds

P—0 n-oco k:]-727"'7d
[0,N] X Unn

1
B 11 d+1
e ey e s )

[0,N]x Uy,

< ¢'C lim ( / max (A\g + 1) 1y, 5p [det o] 7' dyds

p—00
[0,N]XUpm,

:1727"'7

1

d+1
+p—(d+1)2d / max ()\k: + 1)d+1 [det 0]71 dde) .

:1727"'7

[0,N]xUnm
Because of the condition as), the function

dt1 -1
k:r{{2a7¥.7d(kk + 1) [det o]

is integrable over [0, N] x U, hence the right hand side of the last inequality is equal to
zero. U

Now we return to the proof of Theorem 3.1. Notice that the process ["Z?, ™Z7] is pre-
dictable as a continuous process and it is uniquelly determined as the weak limit of the
sequence of processes ["X™ MX"] = (My™i myni) (cf. [9], Theorem IX.2.4). Hence using
Corollary 3.5 we conclude that ["Z¢,™Z7] = ("™Y*,™Y7) and, by Lemma 3.6, the relation
(3.12) is verified. The proof of Theorem 3.1 is finished.O

Corollary 3.7 Suppose the coefficients A and B satisfy the following conditions:

ap) (det B- B*)~! € L'°°([0, +00) x RY).

c) There exists p > 1 such that |A[P+D € L1¢(]0, 4-00) x RY, 1)
and || B||24CHD € L1¢(]0, +00) x IRY, 1), where sta=1

Then, for an arbitrary xo € IR?, there exists a solution X of the equation (1.1) with
XO = Xy-.

The condition imposed on the coefficient A in Corollary 3.7 can be formulated as ” There
exists a number p > d + 1 such that |A|P € L°°(]0, +00) x IR%, p)”.

It is worthwhile to compare this condition with the integrability condition on A found
by N.I. Portenko [16]. He constructed a (non-exploding) solution of (1.1) assuming the
matrix B to be uniformly continuous, bounded and uniformly nondegenerate, and the drift
coefficient A to be integrable on [0,7] x IR? of order p > d + 2 with respect to Lebesgue
measure for any 7' > 0. In other words, he assumed the global Lebesgue integrability
in space variable. In our case we assume the local integrability of order p > d + 1 but
with respect to the measure u. In particular, assume the matrix B to be nondegenerate
as is the case in Portenko’s conditions. Then there exists a constant ¢ > 0 such that
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det BB* > c and [det BB*]™! < % < 00. Therefore, our condition on drift becomes ”there
exists a number p > d+ 1 such that |A|? is locally integrable with respect to the Lebesgue
measure” .

Remark 3.8 Assume d =1 and A =0. Then our conditions coincide with the existence
conditions found by T. Senf [21] and A. Rozkosz and L. Slomonski [18] for (possibly,
exploding) solutions of (1.1).

Remark 3.9 Consider the case of a one-dimensional (d = 1) equation (1.1) with the unit
diffusion coefficient B = 1. Then the ezistence condition found becomes A% € L'°(]0, 00) x
IR) which coincides with the known existence condition for such SDEs stated first in [13].

Theorem 3.1 can be extended in the following way. We introduce the sets
N ={(t,z) €[0,400) x R*: B(s,z) =0 and A(s,z) =0 for almost all s> ¢}

and
M= {(t,z) € [0,+00) x R*: pu(Ss(t,x)) =oc0 forall §> 0}

where Ss(t,x) denotes the ball with center (¢,z) and radius ¢ in [0, +00) x IR? and the
measure 4 is defined in (1.4). Clearly, M® := [0, +00) x IR \ M is an open subset of

[0, +00) x IR? and p is a locally finite measure on M€, i.e., u(K) < +oo for every compact
subset of M¢.

Theorem 3.10 Suppose the following conditions are satisfied:
aj) MCWN.
a) || BIIY € Lioo(Me, p).
b*) JA[TH([B* + 1) € LIe(M®, p).
Then, for any xo € IR?, there is a solution X of (1.1) with Xy = x.

The condition f € L°(M¢ 1) means that f is integrable with respect to u over every
compact subset K of M¢ (and not of [0, +00) x IR%).

The proof follows the same steps as the proof of Theorem 3.2 in [3] (cf. [20]) and, therefore,
is omitted. The following statement is then a natural extension of Corollary 3.7.

Corollary 3.11 Suppose the coefficients A and B satisfy the following conditions:

aj) MCN.

c*) There exists p > 1 such that |A[PU4TY) € LI°¢(Me, p)
and HB||2q(d+1) c Lloc()\/lc?,u)’ where }D+ % —1

Then, for an arbitrary xo € IR?, there exists a solution X of the equation (1.1) with
XO = Xy-.
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4 Time-Independent SDEs

Now suppose that the coefficients A and B do not depend on the time parameter t. In
this case equation (1.1) becomes

t t
X, =xo+ /B(XS) dW, + /A(Xs)ds, t >0, (4.1)

0 0

where zo € IR? and W is a d-dimensional Wiener process with W = 0.
Let
dii(y) = [det o(y)] ™" dy (4.2)

and for any m € IN, define

t
t
Tm(X) :==1nf{t > 0: |X;| > m or /trace o(Xs)ds > m or / |A(X)|ds > m}.
0

0

First, we have the following version of Krylov’s estimates that can be proven in the same
way as Lemma 2.4.

Lemma 4.1 Suppose X is a solution of SDE (4.1) and f : R* — [0, +00) is a nonneg-
ative measurable function. Then there exists a constant C' which depends on t, m, and d
only such that the following inequality holds:

AT (X) 1
Bl [ 00 eto() ds| <c( [ Fway)”

0

The following theorem is then the analog of the existence Theorem 3.1 in the time-
dependent case.

Theorem 4.2 Suppose the following conditions are satisfied:
a;) (det B- B*)~! € LI°°(IRY).
a) | B|** € L*(R", ).
b) [AI(IBII* +1) € L*(R", 7).

Then, for an arbitrary xo € IR?, there exists a solution X of the equation (4.1) with
XO = Xy-.

Corollary 4.3 Suppose the coefficients A and B satisfy the following conditions:
a;) (det B- B*)~! € LI°°(IRY).
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) There exists p > 1 such that |A[P* € L'*°(RY, 1)
and || B||* € L°(R", 1), where 217 + é = 1.

Then, for an arbitrary o € IRY, there exists a solution X of the equation (4.1) with
XQ = X2y-

It is easy to see that in the one-dimensional case (d = 1) the condition az) vanishes.
The conditions of Theorem 4.2 (and of Corollary 4.3, correspondigly) become those found
by H.J. Engelbert and W. Schmidt in [4]. If A = 0 then we have just one existence
condition a;) that coincides with the existence condition found also by H. J. Engelbert
and W. Schmidt in [5]. In fact, they proved that this is also a necessary condition for
the existence of a non-trivial (not equal to a constant) solution of equation (4.1) for any
initial value zy € IR. In the case of one-dimensional SDEs with unit diffusion coefficient,
we have the expected condition of local integrability of A.

We also can easily formulate the corresponding analogs of Theorem 3.10 and Corollory
3.11 in time-independent case.

Define
N={recR?: Bx)=0 and A(x)=0}

and
M={zcR*: i(Ss(z)) =00 forall §>0},

where Ss(z) denotes the ball with center x and radius § in IR
Theorem 4.4 Suppose the following conditions are satisfied:

a;) MCWN.

5) || B|* € Lo(M-, ).

b*) [A|*(|B]* + 1) € L*°(M", ).

Then, for any xo € R?, there is a solution X of (4.1) with Xy = x.

Corollary 4.5 Suppose the coefficients A and B satisfy the following conditions:
aj) M CW.
c*) There exists p > 1 such that |A]P* € L'°°(M°, 1)
and || B||** € L°°(MF, i), where 5 + = 1.

Then, for an arbitrary o € IRY, there exists a solution X of the equation (4.1) with
X() = Xg-
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